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Abstract 

We study the variety of common tangents for up to four quadric surfaces 
in projective three-space, with particular regard to configurations of four 
quadrics admitting a continuum of common tangents. 

We formulate geometrical conditions in the projective space defined by all 
complex quadric surfaces which express the fact that several quadrics are 
tangent along a curve to one and the same quadric of rank at least three, 
and called, for intuitive reasons: a basket. Lines in any ruling of the latter 
will be common tangents. 

These considerations are then restricted to spheres in Euclidean three- 
space, and result in a complete answer to the question over the reals: 
"When do four spheres allow infinitely many common tangents?" . 

Key words: quadric surfaces, duality, Veronese embedding, Grassmannians, com- 
plete quadrilaterals, Desargues configuration, Reye configuration, Kummer surfaces. 
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Introduction 

Tangents to a non-singular complex projective quadric surface make-up a three- 
fold, namely: the projectivized tangent bundle of the given quadric. After a 
birational contraction, this threefold can be represented as a quadratic section 
of the Grassmannian 0(2, 4) of all projective lines in P-i{C) i.e. all 2-subspaces 
of the vector space C^. 

G'(2, 4), in its Pliicker embedding, is itself a quadric in Pc,{C), and it follows that 
four non-singular quadric surfaces in general position allow 2^ = 32 common 
tangents. 

However, what we may call degenerate configurations of four quadrics, would 
still allow a continuum of common tangents. This obviously happens when the 
four quadrics have a common curve of intersection, other than a union of less 
than four lines (or, as we shall observe later, when their duals do). In general, a 
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curve of common tangents would give a ruled surface in P3(C), which is tangent 
along some curve with each of the given quadric surfaces. 

We investigate the case when this ruled surface is itself a quadric surface. A 
simple example (where one can "see" what happens for the real points) is that 
of a hyperboloid of revolution in which one throws four spherical "balls" and 
lets them rest when reaching a circle of tangency with their "basket" . Because 
of this intuitive background, we introduce: 

Definition: Let qi and (72 be distinct quadric surfaces of rank at least three (i.e. 
non-singular or with at most an isolated conic singularity). We say that qi is a 
basket for q2 (and then, 52 will be a basket for qi) when the two quadrics are 
tangent along a conic. (Thus, the intersection of the two quadrics is represented 

by twice this conic.) 

Convention: In the sequel, whenever we speak of a common basket b for quadrics 
qi, we assume that all quadrics concerned are distinct and of rank at least three. 

We are going to formulate conditions expressing the fact that two, three or 
four quadrics allow a common basket. These will be geometrical conditions in 
the space of all quadric surfaces which is a nine-dimensional complex projec- 
tive space corresponding to lines through zero in the vector space of all 4 x 4 
symmetric matrices with complex entries: 

P9(C) = PiSymci^)) 

Indeed, one may identify quadratic forms and symmetric matrices (over C) via 
the standard bilinear form <, >: 

q{x) = ^ qijXiXj =< x,Qx > Q = 

The rank of the quadric q, as already spoken of, is simply the rank of the matrix 
Q. 

Sometimes, we'll refer to quadrics of rank at most three as cones, while those 
of rank at most two, respectively one, will be called two-planes, respectively 
double-planes. Obviously, a two-plane is a cone over a degenerate conic i.e. a 
two-line. 

The closure of the rank three locus is denoted TZg, the closure of the rank two 
locus is denoted TZ^, and the rank one locus is denoted TZ^. 

To begin with, we give an equivalent of our definition of baskets: 

Proposition 0.1 b is a basket for q if and only if the pencil [b,q] = \h -\- fiq 
meets the rank one locus (i.e. contains a double-plane). 
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Proof: If the pencil contains a double plane, the two quadrics intersect in a 
double conic and must be tangent along it. 

Conversely, the double plane through the conic of tangency has the same inter- 
section with b as q (and with q as b), and must belong to the pencil. □ 

In the same vein, we shall obtain: 

Proposition 0.2 The quasi-projective variety (see our convention above): 

-^16 = 92, : b is a common basket for qi and q2 } C (Pg — TZq)^ 

is irreducible, of dimension sixteen, and the pair {qi,q2) of a generic point 
{qi,q2,b) is characterized by the property that the pencil [^1,(72] contains a two- 
plane. 

Proposition 0.3 The quasi-projective variety: 

-^21 = {(^ii 92, 93, b) : b is a common basket for 91, 92 and ^3 } C (Pg — T^g)** 

is irreducible, of dimension twenty one, and the triple ((/i , 92 , 93 ) of a generic 
point (91, 92, 93, is characterized by the property that the span [91,92,93] ~ P2 

contains a pencil of cones with the same vertex, and the rank two points in this 

pencil are precisely where it meets the lines [qi,qj]. 

Proposition 0.4 The quasi-projective variety: 

i?25 — {(9ij 92, 93, 94, &) : b is a common basket for qi, i = 1,...,4} C (Pg— 7?,g)^ 
is irreducible, of dimension twenty five. 

The quadruple (91,. ..,94) of a generic point {qi, ...,q4,b) € B^^ is characterized 
by the following property: the span [qi, ..,54] w P3 contains a complete quadri- 
lateral consisting of four pencils of cones; the six vertices pki He, respectively, 
on the six lines [qi,qj] and correspond precisely with the rank two quadrics of 
the quadrilateral. 

When we present our proofs, we'll examine and characterize all possibilities in 
terms of conditions on the configuration (qi), indicating how to 'reconstruct' all 
baskets when the conditions are met. 

These results then lead to a proof of uniqueness, up to the action of the projective 
automorphism group P5'Lc(4), of a "double- four" configuration, namely: two 
quadruples of linearly independent and smooth quadrics, such that each quadric 
in one group is a common basket for the quadrics in the other group. This 
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configuration arises quite naturally from the point of view of duality, and is 
related to the Reye configuration (I24, 163). 

When seen on the Grassmannian G(2, 4), the tangents of a smooth quadric 

surface define a degenerate quadratic line complex: it has singularities along the 
two conies representing the two rulings of the quadric. 

The relation of generic quadratic line complexes with Kummer surfaces is a 
classical subject [Jes], [Hud], [GH]. In our case, Kummer surfaces appear when 
intersecting two degenerate quadratic line complexes, that is, when considering 
common tangents to a generic pair of quadrics. A generalisation to higher- 
dimensional Calabi-Yau varieties is pursued in [Bor2] . 

In the last section we use our results on quadrics with common baskets to 

solve the problem of describing all possible configurations of four spheres in 
with infinitely many real common tangents. The conclusion agrees with 
intuitive expectations: the four centers have to be collinear, and the radii must 
accommodate one of the following possibilities: 

(i) the four spheres intersect in a common circle or point; 

(ii) the radii are equal, and there's a common cylindrical basket; 

(iii) the four spheres have a common conical basket; 

(iv) there's a common basket in the shape of a hyperboloid of revolution 
with one sheet and axis the line of centers. 

This complements results in [MPT] and [ST] on configurations of four spheres 
with a finite number of common tangents. The effective upper bound is 12. 

The material is organized in eight sections: 

1. Stratification by rank in Pg = P{Symc{^)) 

2. Two quadrics in a basket 

3. Throe quadrics in a basket 

4. Four quadrics in a basket 

5. A double- four example 

6. Tangents and Grassmannians 

7. Duality 

8. Common tangents to four spheres in R^ 

1 Stratification by rank in Pg = P[Symc{^)) 

In this section we review some classical facts about the space of all quadric 
surfaces. More general considerations can be found in [Borl], or [Har]. 

The stratification by rank yields, in the case of 4 x 4 symmetric matrices three 
determinantal varieties: 
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nlcnlcnlcP9 = P{Symci4:)) 

The rank at most three locus 7?.g is the degree four hypersurface defined by all 
singular quadrics: 

Tel = {Q g Pg : det{Q) = 0} 

These singular quadrics are obviously cones over conies in some plane P2 C P3 
constructed from a vertex outside that plane. Generically, the vertex is the only 
singularity. 

The rank at most two locus TZ\ is codimension two in and represents in fact 
its singular locus. It is defined in P9 by the vanishing of all 3 x 3 minors, and 
Giambelli's formula gives its degree as ten. 

A quadric in TZ^ is the cone over some degenerate conic, that is: two lines, and 

so the union of two planes. 

The rank one locus Tl\ is codimension three in TZ\ and represents its singular 
locus. It is defined in Pg by the vanishing of all 2 x 2 minors, and can also be 
described as the image of the quadratic Veronese embedding: 

w : P3 — > Pg, v{x) = X* ■ X 

where x = {xq : Xi : X2 X3), and x* stands for its (column) transpose. Clearly, 
the symmetric matrix x* • x has rank one, and: 

111 = viPa) C Pg 

Similarly, TZq can be identified with the quotient of P3 x P3 by the involution 
o-(a;, y) = {y, x) using: 

w ■ iPif/'^ -P9, w(x,y) = w{y,x) = i(x* ■ y + y* ■ x) 

This shows that TZq is swept out by a three parameter (rational) family of 
projective three-spaces in Pg. It is also swept out by a family of projective two- 
spaces in Pg, indexed by the Grassmannian G{2A}: indeed, given i € G(2,4), 
which we regard as a two-subspace of C^, we have a plane in TZq given by: 

P2«{Q : e C ker{Q)} C nj 

Later considerations will involve various pencils of singular quadrics, and it may 
be remarked here that the first of the above families provides a seven parameter 
family of pencils (i.e. lines) in TZq , to be denoted by M"^ C G(2, 10), while the 
second family provides a six parameter family of pencils in TZq, to be denoted 
byjr2cG(2,10). 
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Here, G(2, 10) stands for the Grassmannian of all lines in Pg, where we can ask 
for the intersection of A^y and ^| . In terms of symmetric matrices, pencils in the 
first family involve quadrics with a given vector in the image, while pencils in the 
second family involve quadrics with a given two-space in the kernel. Considering 
that im{Q) = ker{Q)-^, we see that the intersection is five dimensional: 

M^TnTl=%C G{2, 10) 

and consists of pencils of quadrics parametrized by pairs {£,x) G G(2,4) x P3, 
with X C £-^, and defined by: 

Pi « {Q : iC ker{Q), x C im{Q)} C TZl 

These relations can be observed from another point of view, based on the fact 
that TZg is precisely the secant variety of TZ\ C Pg. Indeed, TZg can be obtained 
as the closure of the union of all lines spanned by two distinct points in TZ^. The 
closure brings in the points of all lines tangent to TZl, ^^'^ o'^'^ "^^'^ ^^^^ 
family consists of secants and tangents to TZl, while % C !Fq retains only 
the lines tangent to the rank one locus. 

We note that an arbitrary line in Pg can meet the rank one locus in at most two 
points, since any secant is, in adequate coordinates, of the form: Aixf + X2X2, 
and this pencil has no other double-plane. 

The family of projective three-spaces sweeping out TZq can be recognized now 
as the family of all tangent spaces to the rank one locus, and this makes obvious 
our earlier result: 

MlnJ^i = T5C G{2, 10) 

since a line in a tangent space to TZl must pass through the point of tangency 
in order to be in and is then perforce in 75. □ 

We can expand our description of pencils of singular quadrics by considering 
those contained in TZg and not already contained in TZq. The generic quadric in 
such a pencil will have a unique singular point (the vertex of the cone), and we 
may expect two types of pencils: 

(F) with fixed vertex, or (M) with moving vertex. 

The first type obviously arises by choosing a pencil of conies in some Pj C P3 
and constructing the cones over the conies in the pencil from a fixed vertex away 
from our P2. This yields an eleven parameter family, to be denoted ^f^. 

This family is related to the fact that 7?.| is swept out by a family of projective 
five-spaces indexed by P3. Indeed, for x € P3, we have: 

P5«{Q : Qx = 0} 
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which describes all quadrics singular at x. Lines in this F5 make-up a Grass- 
mannian G(2, 6) of dimension eight, hence our eleven dimensional Tfi- 

Yet another description of this family is related to the fact that is the variety 
of secant planes of TZ\ C Pg. Indeed, T^g is the closure of the union of all planes 
spanned by three double-planes. Thus, 7?.g is also swept out by a nine parameter 
family of planes, hence our Tf^, made of lines in these planes. 

For the second type (M), let us observe first that if we write the pencil with 
moving vertex as: Aigi + A292, with gj of rank three and with vertex Vi, then all 
cones in the pencil must contain the line [vi , W2] . This follows from the fact that 
the tangent hypcrplanc to TZ'l at qi consists of all quadricis passing through Vi, 
and our pencil lies in the intersection of these two hyperplanes. Thus, qi passes 
through Vj, and contains [vi,Vj\. 

Clearly, the vertices in the pencil must move along this line, and the intersection 
qi n q2 will consist of a conic and the double line [vi , V2] ■ 

Thus, a pencil of type (M) arises by considering a fixed conic in some P2 C P3, 
then choosing a line through a point of the conic, but not contained in its plane, 
and moving a vertex (linearly) along this line. This yields an eleven parameter 
family, to be denoted M-i^. 

We summarize these results in: 

Proposition 1.1 The variety of lines contained in 7?.| C Pg consists of two 
irreducible components of dimension eleven: J^f^ and Ai 11, made generically of 
pencils with fixed singularity, respectively moving singularity. 

The variety of lines contained in TZq C Pg consists of two irreducible compo- 
nents: of dimension six, and Adj of dimension seven. 

We have inclusions: 

Tl C Tl^ and C Ml^ 

and intersections: 

with Ts c G(2, 10) standing for the five dimensional variety made of tangent 
lines to the rank one locus TZ^ . □ 

Remark: We have the following implications: 

if ^ e Adii — then (. has a single two-plane; 
if ^ e — 75, then i has no double-plane; 

if ^ e Til ~ -^6 5 then i has three two-planes, counting multiplicity; 
if ^ e ^ — Ts, then I has two double-planes. 
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2 Two quadrics in a basket 



In this section we prove and refine Proposition 0.2. 

Suppose qi and q2 allow a common basket h. Then, by Proposition 0.1, the 
pencil [b,qi] meets the rank one locus in dj. Then, either b,qi,q2 are collinear, 
and so [^'1,(72] meets the rank one locus in = = ^2, or [91,(72] meets the 
rank two locus where it intersects [di, ^2]. 

Conversely, if [qi, 52] meets the rank one locus, then any b (of rank at least three) 
in the pencil will be a common basket. If [91,(72] meets the rank two locus in 
p, then there's a secant of the rank one locus through p and two double-planes 
we label di. Then [qi,di], i = 1,2 are coplanar and meet in a point b which is 
a common basket for g^. 

Irreducibility and the dimension count for Sfg follows from the fact that there's 
an eight parameter family of pencils through each point of 7?.g, and on each 
pencil, the choice of two points means two more parameters 

This already proves Proposition 0.2, but we may refine the statement by ob- 
serving the 'reconstruction' process of a common basket in more detail. 

As a rule, whenever the variety of common baskets has positive dimension, 

we'll describe its closure, being understood that, according to our convention, 
we retain only the generic part made of quadrics of rank at least three for the 
role of baskets. 

Thus, when [91,(72] meets the rank one locus, the whole pencil offers common 
baskets, but there is one type of situation where we have in addition, another 
rational curve of common baskets: let us call d the double-plane on [(71, (72], and 
suppose that there's a common basket b away from this pencil. Then, we get 
double-planes di on [b, qi], and [qi, (72] is in the plane [d, di, d2\ which lies in TZ\. 

It follows that, in our situation, [91,92] is a pencil of cones with fixed vertex, 
and as qi is also a basket for qj, the two quadrics are cones from the same 
vertex over two (non-singular) conies which have two points of tangency. We 
note that [91 , 92] has a rank two point at the intersection with [d\ , d^] , and we 
may run other secants of the rank one locus through this point and construct 
other common baskets. 

The fact that this leads to another rational curve of common baskets follows 
from the same argument as in the reconstruction process for the hypothesis of 
[91 , 92] meeting the rank two locus, considered presently. 

We'll need some lemmas: 

Lemma 2.1 If a plane P2 C Pg ~ P{Sy'mc{4)) contains four distinct rank one 
quadrics, then the plane contains a ( non-singular) conic of rank one quadrics. 
More precisely, P2 is then the span of the Veronese image v{Pi) C P2 of some 
line Pi C P3. 
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Proof: When we look at the planes in P3 corresponding to our four double-planes, 
we see that they must have a point in common, otherwise they would be pro- 

jectivcly equivalent to = 0, i = 0,1,2,3, and the double-planes would span 
a P3 C P9. Thus, the problem is reduced to its version in P5 = P{Symc{3)). 

Now, again, the four double-lines must have a common point in P2, for otherwise 
three of them would be projectively equivalent to a;? = 0, i = 0, 1, 2 and their 
span in P5 has no other double-line. 

Thus, the original four doublc-plancs have a common line and arc projectively 
equivalent to four points in the family {XqXo + Xixi)^, (Ao : Ai) G Pi which is 
the Veronese image of a line. □ 

Lemma 2.2 Let p £ TZq — TZl be a two-plane. The family of secants (and 
tangents) to the rank one locus which pass through p make up a rational curve. 

In fact, there 's a unique plane P2 C TZq passing through p and containing ( as 
a non-singular conic) the Veronese image v{Pi) C P2 of a line. Thus, all lines 
through p in this P2 make up a rational curve of secants of the rank one locus, 
with exactly two tangents. □ 

Now, whenever we have a rank two point p G [qi, (72] , we can run all proper 
secants through p and label, in two ways, the two rank one points on it di and 
d2. Each labelling gives a common basket b = [qi, di] n [q2, ^2]- Thus, the curve 
of common baskets is a double covering of Pi ramified over the two tangents, 
and hence a rational curve itself. The association b di = [b, Qi] fl v{Pi) gives 
an isomorphism with w(Pi), for i = 1, 2. 

Actually, the curve of common baskets is the residual intersection of the two 
cones over v{Pi) with vertex at qi, respectively q2, and consequently a conic 
itself. 

Thereby we obtain this complement to Proposition 0.2: 

Proposition 2.3 The variety of common baskets for two quadrics qi is deter- 
mined by the number of points in the intersection [91,^2] H TZq, and consists of 
as many rational curves. 

In order to have more than one rational curve, it is necessary and sufficient 
that [51, 92] be a pencil in J^^i — !Fq, that is: qi and 52 must be two cones with 
the same vertex, and in this case we have (counting multiplicities) three rational 
components. □ 

3 Three quadrics in a basket 

In this section we prove and expand Proposition 0.3. 
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Lemma 3.1 Let I be a pencil of cones with three distinct rank two points, but 
not contained in TZ^. Then there's a unique trio of double-planes di, i = 1,2,3 
(up to permutation), such that the span P2 « [^1,^2,^3] contains the pencil. 

Proof: Prom section 1 it follows that i consists of cones with a fixed vertex over 
a pencil of conies with three distinct two-lines. All such pencils of conies are 
equivalent under projective transformations of the plane (i.e. under PSLc{3)), 
and thus the pencil i can be turned into the diagonal form: X{xl + + /x(a;| + 
xl), which is clearly in the span of the three double-planes di = a;?. This proves 
the existence part. 

For uniqueness (up to permutation), suppose we have another trio of double- 
planes d^ with i C [d[ ,d'2,d'^]. Then £ = [di , ^2 , rfs] n [d[ ,d'2,d'^] and with proper 
indexing, the edges [di, dj] and [d^, d'j] meet i in the same point of rank two pij. 

By the reciprocal of Dcsargues' theorem (in dimension three) the triangles de- 
termined by di, respectively d^, are in perspective i.e. the lines [di,d'j] meet 
at a point p, which is necessarily of rank two. But Lemma 2.1 requires then 
all our double-planes to be on the same conic. This contradiction proves the 
uniqueness part. □ 

Let Qi, i = 1,2,3 be three distinct quadrics with a common basket b. Again, 
the pencils [b,qi] must meet the rank one locus in double- planes di. 

Suppose first that are collinear. Then, either b is on the same line and 
di = d2 = ds, or b is away from this line and then di are distinct and span a 
plane containing the line. 

The latter case means that qi belong to a pencil £ of cones with fixed vertex 
which has its rank two points at the intersections pi = id [dj , dk] ■ Obviously 
the six points Pi,qj on i must satisfy a relation, since qj are projections of dj 

from b. 

One can guess this relation from the fact that it comes from a (rational) map 
P2 • • ^ {Pi)^ whose image should be a surface of multi-degree (1,1,1). The 
formula should also have permutation invariance. Indeed, the relation can be 
written as: 

3 

{pi,P2;P3,qi) + iP2,P3;pi,q2) + iP3,Pi;P2,q3) = ^ (d) 

where (a, b; u, v) denotes the cross-ratio of four points on a projective line (in 
our case Ik, P{): 

, , , a ~ u b — V 

{a,b;u,v) = 

a — V b — u 

Conversely, when condition (cl) is satisfied, the lines [qi,di] are concurrent, 
yielding the basket b. 
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This settles the colhnear case, and we may assume now that the three quadrics 
span a plane P2 « [91, 92, qz]- 

If b is on one of the edges, say [g^, g^], we have a double-point d= di = dj on this 
line and dk on [5, qk]- Thus, the existence of the proper secant (of the rank one 
locus) [d,dk] C [di,d2,d3] intersecting an edge in a double-plane characterizes 
this case. 

Henceforth, we shall assume that b is not on the lines [qi, qj]. Then, the double- 
planes di span a plane [di,d2,d3], and either it coincides with [91,52,^3] (and 
contains 6), or the two planes meet in a line. 

Let's take first the case b G [qi,q2, 93] = [di,d2, d^]. Thus [gi, 52, 93] is a generic 
secant plane of the rank one locus (i.e. not contained in TZq), and wc look at 
the situation where a common basket lies in this same plane, but away from the 
edges [qi,qj]. 

Then all our quadrics are cones with the same vertex, namely the intersection 

of the three planes in P3 corresponding to the double- planes di. (The inter- 
section cannot be a line since then [^1,^2,(^3] would contain a conic v{Pi) of 
double-planes, and this would contradict the assumption that qi are of rank 
at least three.) Since the triangles A{qi) and A{di) are in perspective, De- 
sargues' theorem says that the corresponding edges meet in collinear points 
Pij = [Qi,Qj] n [di,dj] e i. 

Thus, [gi, q2, 53] contains a line i of singular quadrics, meeting the pencils [qi, qj] 
in three distinct rank two points Pij . In view of Lemma 3 . 1 and by the reciprocal 
version of Desargues' theorem, this is enough to ensure that the triangle of our 
three quadrics is in perspective with the triangle (properly labeled) of the three 
double-planes, and the basket b is retricvcid as the point of pcrspcK'tivc. 

Note that [qi, qj] have themselves three rank two points on them, hence the case 
under consideration arises only when there 's one more collinearity amongst the 
nine points [qi,qj] n [rffe,d;] besides the six edges. 

To conclude, we take up the case of a line intersection i = [gi , 52 , (Z3] H [di , ^2 , ^3] • 

Again, the points pij = [qi, qj] C] [di, dj] arc rank two points on £, and we have 
a three-dimensional Desargues configuration. 

If £ is not contained in TZq, and this is obviously the generic case envisaged 
in our Proposition 0.3, then Lemma 3.1 and the fact that Desargues' theorem 
works in both directions (from b to the pij, and from pij to b), yield the result 
that the existence of a pencil of cones i C [qi,q2,q3] with £ D [qi,qj] of rank 
two and the rest of rank three, characterizes this situation ( and the associated 
common basket is uniquely determined by £). 

We are left with the degenerate case where £= [gi, g2, qiY\[di,d2, dz] is contained 
in TZ\, that is: £ € T^. In other words, ^ is a secant (or tangent) to the rank 
one locus. 
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Under our assumptions di are not on £, and Lemma 2.1 implies that [^1,^2,(^3] 
is the unique P2 which is the span of a Veronese curve v{Pi) and contains i. 

The question is whether this pencil of two-planes (with fixed singularity line) 

i C [91, (72, 93], together with its three marked points pij = in [qi,qj] of rank 
two, is sufficient information for finding a common basket. 

The answer is given in the following lemma, which yields, counting multiplicity, 
two common baskets corresponding to {£,Pij): 

Lemma 3.2 Let v{Pi) <Z P2 be a Veronese conic of double-planes, and £ C P2 
a line with three distinct marked points pij away from the intersection £r\v (Pi). 

If £ is a proper secant of the Veronese conic, there are exactly two triangles 
A(dj) and A((i-) with vertices on the conic, and such that their edges [di,dj], 
respectively [d^,dj], meet £ inpij. 

If £ is tangent to the Veronese conic, there's only one such triangle. 

Remark: This is clearly related to Dcsargucs' theorem, but requesting the 
two triangles in perspective to have their vertices on a conic. We have therefore 
a five parameter family with a (rational) map to lines in P2 with three marked 

points: another five parameter family. One can fairly expect the map to be a 
birational equivalence, which indeed turns out to be the case. 

There's an alternative argument for proving that solutions A{di) exist and are at 
most two, finiteness being rather obvious. With di G v{Pi) « Pi as unknowns, 
the determinantal condition on (rfj, dj) G (Pi)^ expressing collincarity with pij is 
of type (2, 2) but contains the diagonal as improper solutions. Thus we actually 
have a (1,1) condition. On (Pi)^ we intersect accordingly three equations: 
of type (1,1,0), (0,1,1) and (1,0,1). This yields, counting multiplicity, two 
solutions. 

For the more precise statement in our lemma, we observe that, in the case 
of a proper secant, there's an involution of P2, induced from an involution 
of Pi ~ v{Pi), and which keeps £ pointwisc fixed. (One extends to P2 the 
involution of Pi = v{Pi) fixing the intersection with £.) Thus, a triangle solution 
produces a 'reflected' second solution. 

When I is tangent, this is no longer the case. Indeed, if we would have two 

solutions: A{di) and A((i^), there would be an involution of Pi ss v{Pi) taking 
one onto the other, defined by tracing lines through the perspective point p 
and exchanging the two intersection points with the conic. The associated 
transformation of P2 = P{Symc{'2)) would have to fix £ pointwise, since it 
must fix Pij , but it also fixes the line through the tangency points of the two 
tangents from p to the conic. This is a contradiction and the lemma is proven. 
□ 
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To conclude this analysis, we do some dimension counts. 
The quasi-projective variety: 

-^21 = {(91 J 92 7 (73, ^) : 6 is a common basket for gi, ^2 and (73 } 

projects to Pg (the closure of the space of possible baskets b) by (gi, 92, q3,b) i— » 
b. The fibers are irredicible open subsets of the third Cartesian power of the 
cone from b over the rank one locus. This gives irreducibility and dimension: 

9 + 3 X 4 = 21 for B^^. 

From the perspective of our characterization, is obtained (up to birational 
equivalence) by running a plane through a generic pencil of cones with fixed 

vertex, and then choosing a triangle in this plane with edges passing through 
the three rank two points. This gives dimension 21 as 11 + 7 + 3. 

Similar counts can be performed for various subvarieties of Sfi- For example, 
when our pencil degenerates to one contained in TZq (i.e. becomes a point of 
^1), wc arc gcncrically in the case addressed by our previous lemma, and the 
dimension of the corresponding subvariety is: 6 + 7 + 3 x 2 = 19. 

We can regroup now the main results in this section in the form of a complement 
to Proposition 0.3 : 

Proposition 3.3 Consider the quasi-projective variety 



^21 = {(gi; ?2, Qs, b) : b is a common basket for gi, 52 and qs } C (Pg — TZq^ 

One can distinguish several closed subvarieties, according to the diagram: 
Bl, D C?g D Ef, D 

u u u 

These subvarieties are determined by the following geometrical conditions on the 
quadrics qi, i = 1,2, 3: 

{B21) : the triple (qi, q2,q3) of a generic point {qi, q2,q3,b) G B21 spans a plane 
[91:92:93] = P2 containing a pencil of singular quadrics with exactly three dis- 
tinct rank two points pi G [qj, qk] (and rank three elsewhere) ; 

(Cfg) : the triple (91, 92, 93) of a generic point (91, 92, 93, b) e C^g spans a plane 
[91 : 92, 93] containing a secant or tangent of the rank one locus (i.e. a line from 
the family ); 
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(Dfs) • the triple ((?i,52,53) of any point (qi,q2,q3,b) G Dfg spans a plane 
92, 93] containing a proper secant of the rank one locus, and one edge [g,, qj] 
passes through a rank one point on this secant; 

{Efr^ ) : the triple (gi , 92 , q3 ) of a generic point {qi ,q2,q3,b) G Ef^ spans a proper 

secant plane of the rank one locus; 

(F^^) : the triple {qi, 52, 93) of a generic point {qi, q2,q3,b) € F^^ spans a proper 
secant plane of the rank one locus and the triangle A{qi) is in perspective with 
the triangle of double-planes in that span; 

(Gi^) : the triple (gi, 92, ^s) of any point (qi,q2,q3,b) G 6*^3 spans a pencil of 
conies with three rank two points, and condition (cl) is satisfied on the pencil 
for some ordering of these points. 

(Hf^) : the triple {qi,q2,q3) of any point {qi,q2,q3,b) G Hf^ spans a pencil 
which meets the rank one locus. 

Any point 0/ Bfi satisfies one of the conditions above i.e. it is either already 
generic on B21, in the specified sense, or is to be found on (at least) one of these 
closed subvarieties. 

The dimension of the subvariety is indicated by the subscript, and the number 
of points {qi,q2,q3,b) with the same projection (91,(72,^3) for some open dense 
set in each subvariety is tabulated below: 

-^21 C'lQ -P18 -S'lS Pl4 '^13 -^14 

12 1 6 7 1 Pi 



Remark: All triples involved in the families £"1^, Ff^,Gl^ are made of cones 
with common vertex, and relate to issues of tangency for conies. They are less 
relevant for questions of common tangents to quadric surfaces because all lines 
through the common vertex are always common tangents. 



4 Four quadrics in a basket 



In this section we prove and expand Proposition 0.4. 

Let qi, z = 1, ...,4 be four quadrics with a common basket b, and let di be the 

double-plane in the pencil [b, qi] . Generically, the qi 's would span a three-space 
P3 ~ [qij ■■■■>q4]^ the di's would span another three-space [di, ^4], and the 
two would meet in a plane P2 ~ [gi, 94] fl [di, c?4]. This plane contains a 
complete quadrilateral made of the four lines £i = [qj, q^, qi] [dj, d^, di\. These 
lines are pencils of cones and belong to the family J^^^. Clearly the pencil [q^, qj\ 
passes through the intersection point Pki = ik (lii = [qi,qj] fl [di,dj], and the 
six points Pki are all rank two points. 
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We begin our analysis from this end, and establish some facts about complete 
quadrilaterals. 

Definition: A complete quadrilateral consists of four lines in general position 
in P2, that is: no three are concurrent. 

Equivalently, a complete quadrilateral is a projective planar configuration (62, 43) 
of six points and four lines, with every point incident to two lines, and every line 
incident to three points. The above labelling: Pij = ii dtj, C {1,2,3,4} 

will be normally adopted. 

Lemma 4.1 (Cayley) Every complete quadrilateral can be obtained by inter- 
secting the faces of a tetrahedron in P3 with a plane P2 avoiding its vertices. 

Remark: It follows from Desargues' theorem that if two tetrahedra in P3 cut 

in this fashion the same complete quadrilateral in a P2, then they arc in per- 
spective, that is: with proper labelling, the four lines through corresponding 
vertices meet in the same point (the perspective point). □ 

Lemma 4.2 Suppose we have a complete quadrilateral in P2 C Pg, made of 
pencils ii C TZ^, with rank two points pij = iid ij and rank three elsewhere. 

Then each £i is a pencil of cones with fixed vertex Vi, and either: 

i) the Vi 's are in general position, or: 

ii) all Vi 's coincide. 

In the former case, if we denote by di the double-plane supported by the span 
P2 PS [vj,Vk,vi\ C P3, we obtain the unique tetrahedron of rank one points which 
contains the initial P2 C Pg in its span, and hence produces the given complete 
quadrilateral by the four traces of its faces. 

The latter case, when P2 c P5 = P{Symc{3)) C Pg = P{Symc{4:)), is ad- 
dressed in the next lemma. 

Proof: By Lemma 3.1, each is a pencil of cones with fixed vertex Vi G P3. 
We look at the traces of these pencils on a plane P2 C P3 chosen away from the 
vertices. 

£i traces a pencil of conies passing through four points in general positions, and 
the three rank two points on it pij , j i correspond to the three pairs of lines, 
with complementary pairs of points on it. 

These three pairs of rank two conies have consequently non-collinear singular- 
ities Sij. The line [wi,Sy] is clearly the singularity axis for pij and contains 
therefore vj. Thus, two of the vertices vj, Vk cannot coincide without being 
both equal to Vi, and repeating this argument shows that we can either have: 
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i) Vi, z = 1, ...,4 in general position in P3, or: 

ii) all Vi's equal. 

We pursue here the first case, and adopt as projective coordinates (xi : ... : 
X4) G P3 those corresponding to the reference tetrahedron Vi, that is: {xi = 0} 

is the face [vj, Vk,vi]. 

Then, the quadrics in the pencil £i do not involve the variable Xi, and so Pij 
involves neither Xi, nor Xj. 

But £i = Xpij + fjbpik contains pu, which has neither Xi, nor xi, and this can 

happen only when pij has no x^xi term, and pi^ has no XjXi term. This means: 
£i C [x'j, x^, x^], hence our complete quadrilateral is in the span of dj = xf , i = 
1,...,4. 

Uniqueness follows from the uniqueness part in Lemma 3.1. □ 

Remark: Degree considerations imply that a complete quadrilateral made of 
singular quadrics cannot have a line contained in unless its plane is contained 
in 7^|. 

When all vertices coincide, projection from the common vertex reduces the 
problem to the space of conies: 

Lemma 4.3 Suppose we have a complete quadrilateral in P2 d = P{Symc{3)), 
made of pencils of conies £i, with rank two points pij = £i £j and rank three 
somewhere. Suppose further that P2 is not a secant plane of the rank one locus 
i.e. not the span of three rank one points. 

Then, up to relabelling, there's a unique tetrahedron of rank one points di, i = 
1, ...,4, which contains the initial plane in its span, and produces the complete 
quadrilateral by the four traces of its faces. 

Proof: The rank stratification in the space of conies reads: 

P5 = P{Symc{3)) D Ul D TZ^ = v{P2) 
with 7l\ of degree three, and Tl\ of degree four. 

Thus, under our assumptions, P2 fl TZ\ is a cubic curve (but not degenerated 
into three lines), with six distinct points Pij on it, subject to four coUinearity 
conditions. 

The assumption of some rank three point means we can apply the argument in 
Lemma 3.1 to one of the lines, say £4, and find a unique trio of rank one conies 
rfi, ^2, whose span contains I4,. 

Because of our other assumption, P2 and [^1,^2,^3] span a three-space P3, 
which must meet the rank one locus in at least one more point, distinct from 
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the other three. However, there might be a whole conic of rank one points in 
the intersection. 

The case of a single new rank one point d4 obviously corresponds to a complete 
quadrilateral with no line in TZ^, and is thus resolved by the quadruple di, i = 
1,...,4. 

The alternative requires one line of the complete quadrilateral to be contained 
in TZl, and if we call it £i, then, with the natural labelling in use, the Veronese 
conic v{Pi) introduced in the intersection will pass through d2 and ^3. Thus, 

£1 is a secant or tangent to this conic. 

The restriction of TZl to our P3 consists therefore of the plane P2 D ^'(-Pi) 
and the cone from di over v{Pi). (Indeed, di must be singular on the residual 
quadric.) 

Thus, in order to find our d4 we simply intersect [p23,rfi] with v{Pi). 

This yields the desired quadruple of rank one points, clearly unique up to rela- 
belling. □ 

We need to investigate also the most degenerate case, when the entire plane 
of the complete quadrilateral lies in TZ^. Since our lines must bo pencils with 
fixed singularity, we are actually envisaging the case P2 = P{Symc{^)) D TZ\ = 
v{Pi)- 

Thus, the question is: given a complete quadrilateral in P2 = P{Symc{'i))i 
when is there a quadruple of rank one points di G v{Pi) such that Pij G 
[dk,di], {i,i}U{A;,Z} = {l,2,3,4}? 

The space of complete quadrilaterals in P2 is birationally equivalent to (-P2)^, 
hence eight-dimensional. On the other hand, the space of ordered quadruples 
of double-points is (u(Pi))^ « (Pi)^, and a given quadruple has the required 
relation with a two-paramcrtcT family of complete quadrilaterals. Thus, only 
a six dimensional subfamily of complete quadrilaterals can be 'solved' in this 
sense, and we need a 'codimension two' condition (c2) satisfied. 

In order to streamline some of our statements, we introduce: 

Definition: (Typical, special, and solvable complete quadrilaterals) 

A complete quadrilateral in Pg = P{Symc{^)) will be called typical when 
defined by the traces of the four faces of a tetrahedron with vertices at rank one 
points on a sectioning plane avoiding these vertices. 

A complete quadrilateral will be called special when contained in the span of a 
proper secant plane of the rank one locus (i.e. a plane with exactly three rank 
one points), and has one vertex of rank one, with the remaining five of rank 
two. 
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A complete quadrilateral will be called solvable when contained in the span of 
a conic of rank one points (i.e. a plane P2 D v{Pi)), and there's a quadruple of 
rank one points di G v{Pi), such that the six vertices satisfy: pij G [dk, di]. □ 

Lemma 4.4 Given a solvable complete quadrilateral in P2 = P{Symc{'2)), 
there's a unique corresponding solution di, i = 1, ...,4. 

Proof: Two solutions di and d'^ would be necessarily in perspective. As in Lemma 
3.2, intersecting the conic with lines through the perspective point and exchang- 
ing the two intersection points defines an involution of Pi « v{Pi) which ex- 
changes the two solutions. However, the associated involution of P2 would have 
to fix the complete quadrilateral and thus be the identity. The contradiction 
proves the claim. □ 

Lemma 4.5 The plane of a typical complete quadrilateral belongs to one of 
the following (disjoint) families: 

($15) : planes P2 C Pg where TZg = {det{Q) = 0} restricts to four lines in 
general position (the complete quadrilateral itself); 

(^'12) : planes P2 C P5 C TZf, with P-, = P{Symc{3)) in adequate coordinates, 
where (relative to the corresponding space of conies) TZ\ restricts to a cubic curve 
other than three lines. 

Every complete quadrilateral supported in a plane of type {^), and with vertices 
at rank two points, is admissible. 

The tetrahedron of rank one points defining an admissible complete quadrilateral 
is unique. 

Proof: In view of the above discussion, all that remains to be shown is that for 
type ($), the lines of singular quadrics meet at rank two points. But this follows 
from our investigation of lines in 7?.| of section 1. 

Indeed, the lines in P2 H T^-g must belong to one of the families: — or 

M.\i — M^. However, in the latter case, the pencil would have a single rank two 
point. Yet, there are three points on the pencil which are singularities of the 
restricted determinantal quartic, namely: its intersections with the other three 
lines. Since our pencil cannot be tangent to 7?.| in more than two points, this 

latter case must be discarded. 

This leaves us with a pencil of type (P) i.e. a pencil of cones with fixed ver- 
tex, and the three rank two points on such pencils must be, in our case, the 
intersections with the other three lines. □ 

Note: While the definition of a typical, special, or solvable complete quadrilat- 
eral uses a quadruple of rank one points, we have seen above that these prop- 
erties can be detected directly from the complete quadrilateral itself, and depend 



18 



essentially on the position of its span with respect to the rank stratification of 
Pg = P{Symc{4:)). The quadruple of rank one points can be 'reconstructed' 
from this type of information. Even without searching here for the explicit form 
of condition (c2), we shall use henceforth: typical, special, or solvable in the 
sense of a property which needs no explicit mention of four rank one points. 

We can list now the possible types of configurations for 6, {di)i,i = 1, 2, 3, 4 
: four quadrics, a common basket, and rank one points di G [b, qi\. We shall see, 
in the spirit of the above note, that these classes need no explicit mention of b 
and {di)i. 

First, for a three-dimensional span: [91, 92, 93, 94] = Ps- 



(B) 
(C) 
(D) 



[di, ...,d4] = P3 

[rfi, ^4] = P2 because b G [qi, qj] and hence di = dj 
[di, ...,(^4] = P2 because di G v{Pi), i = 1, ...,4 



Next, for a two-dimensional span: [91,92,93,94] = P2- 

(E) : [b, 91, 94] = [di, ^4] = P3 

(F) : b e [9i,9j], dij = di = dj, [dij,dk,di] = P2 

(G) : [6,9i,...,94] =P3, [di,...,di\=P2 

(H) : b e [qi,qj] n [qk,qi\ 

(I) : b e [9i,9j,9fe] = -Pi 

Lastly, for a one-dimensional span: [91,92,93,94] = -Pi- 
(J): be [9i,...,94] =Pi 

This list structures our extension of Proposition 0.4. In order to indicate inclu- 
sion, rather than adjacency, we consider our subvarieties as closed subvarieties 
of P25, ^^^^ is: as the closure in of the locus described by some generic 
property. 

Proposition 4.6 Consider the quasi-projective variety: 

-^25 = {(91, 92, 93, 94, '■ b is a common basket for qi, i = 1, ...,4} c (Pq—TZq)^ 
One can distinguish closed subvarieties: 
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according to the following geometrical conditions: 

(-BI5) : the quadrics {qi) of a generic point (gi, (74, 6) G i?|5 define a reference 
tetrahedron in a three-space, tracing a typical complete quadrilateral on some 
two-subspace avoiding its vertices; 

(CI3) : the quadrics (cji) of a generic point {qi,...,q4) G CI3 define a reference 
tetrahedron in a three-space, tracing a special complete quadrilateral on some 
two-subspace avoiding its vertices; 

{D21) : the quadrics (qi) of any point {qi, ...,q4) G -Dfi ^P^'^ three-space con- 
taining a P2 D v{Pi), and the faces [qi,qj,qk] trace a solvable complete quadri- 
lateral in this P2; 

(Sfg) : the quadrics {qi) of a generic point (gi, (74, 6) G Ef^ span a plane 
containing a typical complete quadrilateral with vertices pij G [qk,Qi]; 

{Ff^) : the quadrics {qi) of a generic point {qi, ...,q4,b) G Ff^ spans a proper 
secant plane of the rank one locus and contains a special complete quadrilateral 

with vertices Pij G [gfe,?;]; 

(G|q) : the quadrics {qi) of a generic point (qi, 54, 5) G G|q span a plane 
containing a secant or a tangent i of the rank one locus, and the four quadrics 
qi lie on a conic which contains the two rank one points A and B of the secant, 
or is tangent to I at T = A = B when (. is a tangent; 

{Hfg) : the quadrics {qi) of a generic point (qi, 54, 6) G Hfg span a plane, 
and for some {i,j,k,l} = {1,2,3,4}, both [qi,qj] and [qk,Qi] meet the rank one 

locus; 

{ifg) '■ the quadrics {qi) of a generic point (gi, (74, fe) G ifg span a plane; three 
of them are on a line meeting the rank one locus, and the span contains another 
double-plane; 

( Jfs) : the quadrics {qi) of any point {qi, 54, 6) G Jf^ span a line meeting the 
rank one locus. 

Any quadruple of quadrics allowing a common basket enters one of the configu- 
rations listed above as (B) to {J), and satisfies the corresponding property stated 
above. 

Proof: Since almost all relevant arguments have already been presented, we fill 
in a few remaining details. 

For the Gfo family, the conic through the four points qi which also contains the 

rank one points A and B of the secant (or is tangent a.t T — A — B to £ in 
case of a tangent), is obviously the projection from b to [qi, ...,^4] = P2 of the 
Veronese conic v{Pi) C P2D i- 
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The existence of this conic is equivalent to conditions we label (c3) for the 
six points pij on the secant or tangent. These conditions reflect the fact that 
Pij = £(1 [dk,di] and di are on the conic f (-Pi). 

In case ^ is a secant, A and B will be the two points oi C D v(Pi). Considering 
the projections of the conic v{Pi) from di, respectively dj, onto £, we obtain: 

{A.B;pjk,Pji) = {A,B;pik,pu), {i,j,k,l} = {1,2,3,4} 

and we call (c3) the collection of these cross-ratio relations. 

In case £ is tangent, wc have A = B = T = £n v{Pi). Again, projecting from 
di, then dj, we obtain: 

{T,dj;dk,di) = {T,pki;pij,Pjk) 

{di,T;dk,di) = iPki,T;pii,Pik) 

with the first cross-ratio on the conic, and the second on the tangent. We can 
eliminate the d^'s from the resulting system by first taking the product of the 
two left-hand sides above with {di, dj;dk, di), to get: 

1 = {T,pki;pij,Pjk) ■ {Pki,T;pu,pik) ■ {di,df,dk,di) 

and hence: 

{T,pki;pij,Pjk) ■ {Pki,T;pii,pik) = {T,pij;pjupu) ■ {Pij,T;pjk,Pki) 

The condition (c3) will be the collection of these equations, should we have 
tangency, and not a proper secant. 

One verifies that, for pij of rank two, (c3) is sufficient for finding d^'s on the 
conic with pij e [dk, di]. By the same argument as in Lemma 3.2, there are two 
solutions in the secant case, and one solution in the tangent case. □ 

5 A double- four example 

In this section we study a particular configuration, made of two groups of four 
quadrics. Each group has linearly independent and smooth quadrics, and the 
four in one group arc common baskets for the four in the other, hence the 
designation "double-four" . 

It turns out that, up to projective transformations of P3, this configuration is 
uniquely determined by the stated property. Our proof uses the criteria devel- 
oped above, in particular the configuration of points and lines created by four 
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mashed complete quadrilaterals. It will be identified as the Reye configuration 
(124,163). [HC-V] [Dol] 

We start with the eight 'diagonal' quadrics: ±xl ± ± a;! ± The two groups 
of four quadrics are those of positive, respectively negative determinant. 

Obviously permutations and changes of two signs preserve the two groups, while 
changing one sign exchanges the groups. Thus, our labelling here is mostly a 
matter of convenience. We put: 

4 

Qi = (^x'^j) -2x'^, di=x1, i = l,...,4 

4 4 
h^=Y.xl = {Y.x-])-2{xl + xl_^), /3 = 2,3,4 

Clearly, we have three tetrahedra, spanning the same three-space: 

Intersecting the faces of the first two tetrahedra yields sixteen lines: 

and the same collection of sixteen lines obtains from intersecting the faces of 
the first and last tetrahedra, or second and last. Thus, there are twelve planes, 
each containing four lines, with each line contained in three planes. 

This is obviously the dual of a (124,163) configuration, but we would rather 
distinguish a direct (I24, 163) configuration by taking into account the twelve 
rank two points which lie on the sixteen lines, with three points on each line, 
and each point incident to four lines. 

Our labelling is now going to show its bias for the qi and dj tetrads, but one 
should remain aware of the perfectly equivalent role of the third tetrad 6". We 
put: 

Pij =xl + xf = [dk, di] n [qi, qj] 

Pij =xl-xl = [dk, di] n [qk, qi] 

Thus, each edge of our three tetrahedra has exactly two of the twelve rank two 
points pfj. 

One can identify now the collection of points and lines {pfj,(-k) with their in- 
cidence relations, as the Reye configuration (124,163). The latter is usually 
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depicted in some affine (real) part C P3 by means of a cube, with cor- 
responding with the eight vertices of the cube, its center, and the three points 

at infinity determined by the three distinct directions of the edges. The sixteen 
hnes i'^ arc the twelve edges and the four diagonals of the cube. [HC-V] [Dol] 

Our three tetrahedra {qi)i, {dj)j, {b°')a, should be seen in this model as the three 
tetrads of planes determined, each, by two opposite faces of the cube together 
with the two diagonal planes of the cube which cut the two diagonals in these 
faces. 

We are going to see this configuration emerging from any "double-four", and 
obtain: 

Theorem 5.1 Suppose {qi)i and (6")a form a double-four configuration o/smooth 

quadrics in P3, that is: 

Qi are linearly independent and are common baskets for and 
b" are linearly independent and common baskets for {qi)i. 

Then, there is a projective automorphism of which carries {qi)i and {b°')a to 
the standard double-four configuration presented above. 

The proof requires a number of lemmas. Throughout, we let stand for 

a double-four as in the theorem, but the notation should be understood as 
separate from the one used in describing the standard double- four. 

Since is a basket for rfj, the pencil [6",(7i] has a (imiquc) rank one point d,f . 
Considering as a quadruple with common basket b", linear independence 
and Proposition 4.6. produce an associated complete quadrilateral: 

£? = [qj,qk,qi]n[d'^,dt,dr], z = l,...,4 

with six vortices pfj =G [qk. qi] at points of rank at most two. 

However, an edge [qi, qj] has at most two points of rank two, or a single rank one 
point and no rank two. Thus, the collection pfj, {i,j} C {1, 2, 3, 4}, a = 1, 4 
consists of at most twelve distinct points. We'll see that there must be precisely 
twelve distinct points, all of rank two. 

The fact that there can be no rank one point pfj follows from the observation 
that if one complete quadrilateral were special, all would be special, with the 

same rank one point on some edge [qi,qj]. But this would force all baskets on 
that same edge, contradicting linear independence. 

Lemma 5.2 The sixteen lines if are all distinct and none lies in TZ\. 

Proof: Since the four complete quadrilaterals corresponding to a = 1, ...,4 
must be distinct, their planes tt^ are distinct. 
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Thus, two complete quadrilaterals can share at most one line, and if they do 
share one line, it must be in TZq, for otherwise the three rank two points on it 
would be the same for the two quadrilaterals, and this would already force the 

two baskets to coincide. 

We can make now a first estimate of how many of the points pfj should be 
distinct. A first quadrilateral brings in six, a second at least three more, and a 

third at least one more. Wc find a minimum of ten. Thus, at least four of the 
edges [qi, Qj] must meet the rank two locus in two distinct points. 

This already rules out the possibility of a solvable complete quadrilateral amongst 
our tetrad. Indeed, we would then have a Veronese conic v{Pi) C P2 C 
[qi, (74] = P3, and the restriction of TZ^ to this P3 would decompose into 
the plane P2 C TZq of the conic, counted twice, and a quadric. 

This residual quadric must carry more than one rank two point away from the 
double P2, otherwise four edges [qi,qj] would be concurrent. But two singular- 
ities make the quadric a two-plane. And this is not good enough to allow four 
edges of the qt tetrahedron to intersect the rank two locus in two points, unless 
the two-plane is actually a double-plane made of points of rank at most two. 
But this forces [qi, ...,^4] entirely into TZg-. a contradiction. 

Thus, all four complete quadrilaterals are typical. 

Let us return to the hypothesis that two of them share a line, say — = 
tTq, n TT^ C TZq. The restriction of TZ^ to P2 = [qj, qk,<li] then decomposes into 
the double-line if and a conic. Since at least one edge in our face requires a 
second rank two point on it, the conic must be a two-line. We would arrive at 
a contradiction, as in the previous argument, should we know that two edges 
require two rank two points. 

But now wc can review the estimate of a minimum of ten distinct points pfj , and 
see it based on repeated common lines. Hence, cither there are at least eleven 
distinct points pf^ and we get our contradiction, or we find two lines contained 
both in TZq and some face [qi, qj,qi], a contradiction again. 

This proves that our four complete quadrilaterals cannot have lines in common. 

With that, the estimate on the cardinality of the pfj collection is lifted to the 
maximum twelve: six from a first quadrilateral, at least four more from a second, 
and at least two more from a third. Moreover, any two complete quadrilaterals 
share exactly two such points and no three can share the same point. 

With the established fact that all six edges [qi,qj] carry two rank two points, 
we conclude as above that no line £f is contained in TZq. □ 

The proof has given at the same time: 

Corollary 5.3 There are exactly twelve distinct points in the set: 
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{Pto ■■ {i,i}c {1,2,3,4}, a = l,..,4} 
with two of them on each edge [qi,qj\- 

There are three of them on each of the sixteen lines and four of these lines 
are passing through each point. Thus, {Pij,£^.) defines a (I24, 163) configuration. 

Our aim now is to prove that the span of the gj's is the same as the span of the 

6"'s, and the same as the span of the s, which turn out in fact to be just four 
distinct rank one points with symmetric role towards the two other tetrads. 

In order to simpUfy statements, we shah refer to the twelve points of rank two 
pfj as marked points. 

Lemma 5.4 For any edge [qi, qj] and marked rank two point on it, there's some 
edge [6",6'^] meeting it at that point. 

Proof: Each basket is associated with one of the two marked points on [qi, qj], 
hence we'll find two baskets, say b" and b^, with p^i = p^^. 

If the two proper secants of the rank one locus: and [d^,dj] through 

this marked point were distinct, we would have a Veronese conic v{Pi) in the 
span [qi, qj, b", b^] = P3, and consequently a decomposition of the restriction of 
TZl to this span into a double-plane P2 D v{Pi) and the cone from the other 
marked point of [qi, qj] over the Veronese conic. 

Prom the version of Corollary 5.3 for the tetrahedron, we must have two 

rank two points on each edge, and which has one rank two point in 

P2 D v{Pi), must have the other on [qi,qj] at pl^. But this is a contradiction, 
because it reduces the span [qi, qj, b", b^] to a plane P2 D v{Pi). 

The source of the contradiction was to suppose that the two secants [df , d"] and 
[df , dj] were distinct. Therefore, we must have: df = df and d" = dj . 

Again, by considering the restriction of TZ^ to the plane [qi , qj , b"" , b^] , we find 
the double-line [d", d""] and the two hues fromp^^ to the rank one points. Thus, 
[b", b^] has no choice but to pass through pl^ in order to acquire its second rank 
two point. 

It is clear now that no other edge but [b^ , b^] can (and does) pass through pfi. 
At the same time d] = df and dj = dj, with their pencil running through pj.^. 
□ 

The proof has shown more: 

Corollary 5.5 The two tetrahedra {qi)i and {b")a have the same set of twelve 
rank two points, distributed by two on each system of edges. 
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Lemma 5.6 The collection of rank one points (df); i,a = 1,...,4 has exactly 
four distinct points, to be denoted ds,s = 1,...,4. Each edge [ds,dt\ has two of 
the above twelve marked points. 

Thus, we have three tetrahedra with the same span: 

Ps = [qi,...,q4\ = [b\...,b^] = [du...,d^] 
and each marked point lies on some trio of edges, one from each tetrahedron. 

Proof: We have seen in the proof of the previous lemma that the intersection 
[qr,qj] n [b°',b'^] = = pIi implies the intersection [g,, q,] n [6'', b^\ = pl^ = pli. 
At the same time, the rank one points labelled d", dj; i/ = 1, 4 are just four 
distinct points. 

But we also have the implication [qk,qi] n [b^jb^] = p^ = p^-, and exactly four 
distinct points amongst d", d^; r = 1, 4. 

We want to prove that the above two tetrads of rank one points are one and the 
same. 

Through p^; runs the secant [d^^,(£j] and also the secant [d^, d^]. Should they be 
distinct, we would have a Veronese conic w(-Pi) in their span, and thereby a plane 
11 (Pi) C P2 C T^-g in [qi, (74]. But this is known from previous considerations 
to lead to a contradiction. 

A similar argument works for the other pair. □ 

In conclusion, we have three tetrahedra in P3, with edges meeting by three in 
twelve points, and with faces meeting by three in sixteen lines. This is the Reye 
configuration. 

Returning to the three-space where our quadrics are surfaces, we can first match 
di with xf by some projective transformation, and then make three of the 
marked points/quadrics match marked points/quadrics of the standard double- 
four, by the action of the torus subgroup which preserves the coordinate tetra- 
hedron. Since Reye configurations must match this way, so must our two other 
tetrahedra match the two other of the standard double- four. By a final switch, 
if necessary, the theorem is proven. □ 

Remark: It may be observed, and it will appear with even more emphasis in the 
next section on tangents and Grassmannians, that what is of the essence in the 
double-four example is the presence of one tetrahedron with rank four vertices 
and with precisely two rank two points on every edge [qi,qj]. Assuming 
no face meets the rank two locus in a conic, this leads to 7?.| restricting on each 
face [qi.qj,qk\ to four lines, with a total of sixteen lines containing the twelve 
rank two points. One obtains a (I24, 163) configuration. 
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In closing this section, we illustrate the fact that the smoothness assumption in 
the theorem is important, by presenting a double-five example. The example 

has all quadrics singular, with a common singularity and thus actually belongs 
to the space of conies P5 P{Symc{3))- It will be described as such. 

A double-five configuration: conies. One can find two quintets of conies 
{qi)i and {bi)i, i = 0, ...,4, such that any line [qi,bj] meets the rank one locus. 

Construction: Our two quintets will span the same three-space P3 C P5 = 
P{Symc{3)). This three-space should contain a Veronese conic v{Pi) C P2 and 
just one other rank one point. 

For specificity, we'll choose the projective subspace P3 of 3 x 3 symmetric ma- 
trices S defined by: S13 = S23 = 0. Our Veronese conic is then given by: 

v{Pi) = {S : SnS22 = s?2. ^33 = 0} C P2 = {S : S33 = 0} C P3 

and the only other point of rank one is Soo '■ S33 = 1, rest 0. 

We denote it so, because it will lie on the plane at infinity with respect to an 
affine piece we are about to consider. First, we write the Veronese conic as: 

^(Sll + 522)^ = S?2 + ^(Sll - 5-22)^ 

and then define the affine piece by 5(311 -|- S22) = 1- 

In order to be closer to Euclidean intuition, we change coordinates to: 

X = ~ ■S22), y = Sl2, Z = S33 

so that the Veronese conic becomes the unit circle in the plane z = 0. 

Since we need (and use) only real points for our configuration, there should be 
no confusion here if we express the two real coordinates {x,y) by a complex 
nmnber. This facilitates indicating our choice of three points on the unit circle 
as the roots of unity of order three: 

3 

Wfe = e^*'. A; = 1,2,3; with a;fc = 

fe=i 

Now, we can present our quintets: 

go = (0,-1), qk = i2{uji+ujj),-l), fc = l,2,3; q^ = (0,^) e C x R = C P3 
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6o = (0,l), bk = {2{wi+ojj),l), fc = l,2,3; hi = {0,-^) e C x R = c P3 



It is elementary to verify that all lines [qi, bj] meet the rank one locus. □ 

6 Tangents and Grassmannians 

In this section wc look at tangents to quadric surfaces as points in the Grass- 
mann variety of lines in P3, that is, two dimensional vector subspaces in C^: 
G(2,4) c P5 = P(A^(C"*)). This translates questions about common tangents 
into questions about intersections of quadrics in P5. In particular, we find that 
the variety of common tangents for two smooth quadric surfaces in general 
position is a K3 surface with 16 nodes in 0(2,4), more precisely: a Kummer 
surface. 

We begin in arbitrary dimension: = P{C"). Again, using the standard 

bilinear form on C", we identify quadrics q in Pn-i with symmetric matrices 
Q G P{Symc{n)) = P^^^y,. 

The Grassmann variety G{k,n) of all (fc — l)-projective subspaces in P„_i, i.e. 
of all fc-dimensional vector subspaces of C", can be realized in the projective 
space of the fc*'' exterior power P{A^{C'^)) = P^n-j_j^ as all points corresponding 
to decomposable k-vectors, that is: 

G'(fc,n) = {a;G P(a'=(C")) : x = AxiA...Aa;fe for some independent set Xi G C"} 

Obviously, a fc-subspace in C" is represented by a;i A ... A x^, for any choice of 
basis {xi)i, since a change of basis merely introduces a proportionality factor 
given by the determinant of the transition matrix. 

The conditions expressing the fact that an exterior vector, which is, in general, a 
linear combination of decomposable vectors, has actually a decomposable form 
are called the Grassmann-Pliicker relations, and are all quadratic. The above 
realization is also called the Plucker embedding of the Grassmannian G{k,n). 
[GH] 

In general: dimcG{k,n) = k{n — k); thus G(2,4) C P5 is a smooth quadric 
fourfold. 

Definition: Let 5 be a quadric in P„_i. A (fc — l)-projective subspace Pfe_i C 
P„_i, is called tangent to q {a,i x & qf\Pk-i), when the restriction of q to Pfe-i 
i.e. q n Pk-i is singular (at x). 
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With q seen as a symmetric operator Q on C", we can define a symmetric 
operator Uk{Q) = a'^Q on a'^(C") by: 

i^kiQ)ixi A ... A Xk) = Qxi A ... A Qxk 
In other words, i^k{Q) is a quadric i^kiq) in P(a'^(C")). 

Lemma 6.1 A projective subspace Pk-i C Pn-i is tangent to the quadric q 
in Pn-i if and only if the corresponding point of the Grassmannian G{k,n) C 
P(a'^(C")) lies on the quadric Ukiq). 

Proof: The induced standard bihnear form on a'^(C") is: 

<XiA ...AXk,yi A ...Ayk >= det{< Xi,yj >)ij 
For {xi)i a basis in our C'^ with Pk-i = P{C''), we have: 

< xi A ... Axk,i^k{Q){xi A ... Axk) >= det{< Xi,Qxj >)ij 

But the matrix (< Xi,Qxj >)ij is precisely the restriction of q to our Pk-i, 
expressed in the chosen basis. The lemma follows. □ 

Corollary 6.2 The variety of {k— 1) -projective subspaces tangent to a quadric 
q in Pn-i is the quadratic section of the Grassmannian G{k,n) C P(a'^(C")) 
given by Vkil)- ^ 

Remark: As we shall see in more detail for v = the map Vk is a projection 
of the fc*'* Veronese map Vk defined on the space P{Symc{n)) by the complete 
linear system of degree k hypersurfaces. In fact, Vk corresponds to the linear 
subsystem of all A; x A; minors, with base locus made of quadrics of rank less 
than k. 

We noiu fix k = 2 and n = A, and thereby return to quadric surfaces. 

We let ej, « = 1, ...,4 denote the standard basis in C"*, and = e, A e^-, i < j 
the associated standard basis in A^(C^) = C^. 

The condition for an exterior 2- vector: x = atjCi A ej to have decomposable 
form reads: a; A a; = e A^(C^) = C, and in our standard basis Cij gives the 
quadric: 

g = 2{xi2Xsi - Xi3X2i + XiiX23) 

and in matrix form G, with = This is the Grassmann-Pliicker quadric, 
with: 

G{2,4) = {xgP5 = P{a'^{C^)) : ^(a;) =< a;, Ga; >= 0} 
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The rational map: v = 1^2 '■ P9 = P{Symc{^)) ■ ■ P20 = P{Symc{Q)) takes a 
symmetric 4x4 matrix Q to the symmetric 6x6 matrix v{Q) with entries made 
of all 2 X 2 minors of Q. Clearly, at the projective level v is only defined away 
from the rank one locus R\ <Z Pq, and one can eliminate the indeterminacy by 
blowing-up this locus. 

Since the components of u are quadratic, it can also be presented as a quadratic 
Veronese map V2 P9 ^ P^9+2^_^ = P54 followed by some projection. 

The direction (or center) of this projection shall be the linear span of the image 
V2{Rl)- We may recall that is itself the image of a quadratic Veronese 
map V = V2 P3 ^ Pg, hence V2{Rl) = V2{v2{P3)) = V4{P3) is the image of 
the quartic Veronese map on P3, which spans a projective subspace of P54 of 
dimension (^+'*) - 1 = 34. 

Thus, the projection actually takes place on a P19, indicating the fact that the 
image of u lies in a hyperplane of P20 = P{Symc{&))- The ensuing set-up is 
described in: 

Proposition 6.3 There's a commuting diagram of regular and rational maps: 



P3 ^ P^A = P{Symc{m 

P(5j/mc(4)) =P9 ^ Px9 = {S : Tr{SG) = 0} C P20 = PiSymc{6)) 

where G is the Grassmann-Pliicker quadric. and tt is the projection along the 
span of Vi{P3), which is a subspace P34 C P54. 

By blowing-up Pg along the rank one locus (P3) = Ti-l to Pg, and P54 along 
P34 = span[v4{Ps)] to P54, this yields a diagram of regular maps: 

Eg C Pg P54 Pig 

01 I I 

p ^ p El P 
-nj ^ -< 9 — * ^54 

where denotes the exceptional divisor over the rank one locus, with a P5- 
bundle structure (3 : E^ ^ P^. 

Thus, i> = TT o V2 : Pg ^ Pig produccs a lifting of indeterminacies for v. 

The fact that the image of v lies in the hyperplane of P20 defined by Tr{SG) = 
is obvious for diagonal quadrics Q, which have diagonal S = i^{Q), and follows 
in general by the action of SOci4^) which fixes the Grassmann-Pliicker quadric 
G. □ 
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Remark: If we denote by e, H and h, the divisor classes defined on Pg by Es, 
(the pull-back by i> of) a hyperplane in Pig, respectively (the pull-back of) a 
hyperplane in Pg, we obtain the relation: 

H = 2h-e in the Picard group Pic{Pg) = H'^iPg, Z) 

It follows that a pencil in Pg which meets the rank one locus transversly in a 
single point, lifts to Pg and meets Eg, in a single point, and then maps by v to 
a pencil in P19. 

On the other hand, a secant or a tangent to TZ\ C Pg lifts to a curve which is 

contracted to a point by z>. □ 

For a smooth quadric surface q G Pg, we have q = Q2 C P3, and we let T{q) = 
T{Q2) denote its tangent bundle. There's a natural commutative diagram: 

P(T(g)) C Q2XG(2,4) 

cl I 
r{q) = iy{q)nG{2A) C G(2, 4) 

where c is a birational contraction from the projectivised tangent bundle of Q2 
onto the variety T{q) of lines in P3 tangent to Q2- The image of the exceptional 
locus consists of the two disjoint conies which represent the two rulings of Q2 
in the Grassmannian. T{q) is singular along these two conies and transversal 
codimension one sections acquire nodes when crossing them. 

Thus, one can look upon T{q) as a degenerate quadratic line complex [Jes]. 

Now, we can turn our attention to the variety of common tangents for two or 
more quadrics. Wc begin with a pair of (distinct) quadrics qi and q2, other than 
double-planes, and define: 

K{quq2) = C?(2,4) n u{qi) n ^^2) C G(2,4) C P5 

This is a complex surface in the Grassmannian, made of all common tangents 
for the two quadrics. When considered with its possible multiple structure, it 

has degree 2^ = 8. 

We shall explore its structure in some relevant cases. We refer to [BPVdV] and 
[GH] for background on compact complex surfaces. 

Theorem 6.4 Suppose (qi, 52) is a pair of smooth quadrics which is generic in 
one of the subvarieties defined by the following conditions: 

(i) the pencil [qi-,q2[ meets the rank one locus; 

(ii) the pencil [qi,q2[ meets the rank two locus in two points; 
(Hi) the pencil [91,92] meets the rank two locus (in one point); 
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(iv) the pencil [(71,(72] is generic. 

Then, correspondingly, the surface of common tangents K{qi,q2) has the fol- 
lowing structure: 

(i) Pi X Pi embedded in P5 by a complete linear system of type (1,2), and 
with multiplicity two; 

(ii) two irreducible components, each isomorphic with a, nodal complete in- 
tersection of two quadrics in P4; the two components meet along a skew quadri- 
lateral and have nodes precisely at the four vertices of this quadrilateral; 

(Hi) a surface birational to a Pi-bundle over an elliptic curve; 

(iv) a K3 surface with 16 nodes, more precisely: a Kummer surface. 

Proof: (i) The two quadrics are one a basket for the other, and the genericity 
assumption means in particular that they meet along a double conic 2C = qir\q2, 
with Pi. 

We observe first that if xi G qi is away from the common conic C, then the 
tangent plane Tx^{qi) meets 52 along a smooth conic, and there are exactly two 
tangents from xi to this conic, namely the two lines through xi in the two rulings 
of qi. Thus, these tangents are accounted for when we consider all common 
tangents through points of C. The latter make obviously the projectivized 
tangent bundle of gi (or 92) restricted to C: P{T{qi))^c = ^(^(92))|C) which 
is, in fact, a trivial Pi -bundle over C w Pi. 

Thus, at the reduced level K{qi, q2)red = Pi x Pi, and clearly one family of Pi's 
in this product is plunged in G'(2,4) as a family of lines. 

To obtain that the embedding is actually of type (1, 2), we may look now from 
the point of view of a 'basket sweep' oi K{qi,q2), namely: we consider the pencil 
['Zi,'?2] = Pi as a parameter space of common baskets b (and limits thereof), 
and as we move foe [qi, (72] , the two rulings of b (except at the rank three and 
rank one points of the pencil) 'sweep' K{qi,q2) by pairs of conies in G(2,4). 
At the singular points of the pencil we have a single rational curve of common 
tangents. 

Thus, K{qi,q2) appears as a Pi-bundle over a double covering of the 'basket 
line' [(71,(72], ramified over the two singular quadrics (i.e. 'degenerate baskets'). 
By irrcducibility, the double^ covca'ing is itself a rational curve, and we have a 
Pi-bundle over Pi presentation of K{qi,q2), with the fibers clearly plunged as 
conies in G(2,4). The bundle is trivial by the identification of all fibers with 
the common conic C. 

It follows that, with the proper ordering of the factors, the embedding of Pi x Pi 
is of type (1,2), and this yields degree four. Hence, the surface K{qi,q2) is 
actually the image of this embedding with multiplicity two. 
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(ii) The fact that K{qi,q2) is reducible whenever the pencil [^'1,(72] has two 
rank two points is a consequence of the fact that the pencil [I'iqi), 2^(52)] contains 
a rank two quadric. 

Indeed, as a projection of a quadratic Veronese map, takes the pencil [qi, (72] 
to a conic in P{Symc{Q))- This conic has two rank one points corresponding 
to the rank two points on [qi , §2] • The line through these two rank one points 
meets the pencil [i^{qi), 2^(92)] in a rank two point. 

The intersection G(2,4) n n i'{q2) can therefore be presented as an inter- 
section G(2,4) n i^{qi) n (P/ U -P4~). For the generic case in this class, each 
component G(2,4) fl v{qi) fl is singular at the four points defined by the 
four lines in qi n (72- Their common part is a skew quadrilateral with edges 
connecting the four singularities whenever they are not from the same ruling on 
qi or, equivalently, on q2. 

The presence of two components in K{q-i, 92) is also transparent from the 'basket 
sweep' approach, since there are two rational curves of common baskets for qi 

and <72 in this case. 

(iii) We can use again a 'basket sweep'. From section 2 and the genericity 
assumption, we know that there's a smooth conic of common baskets, say B w 
Pi. It has two rank one points, corresponding to the double-planes supported 
respectively by each of the two planes of the rank two point in [qi , 52] • It will 
have two other points of rank three. These four points on B are the 'degenerate 
baskets'. 

For a proper basket 6 G _B, its two rulings provide two disjoint conies on 
K[qi,q2), while over the four 'degenerate baskets' we'll have a single rational 
curve. In fact, over the rank one points we have precisely the tangents along the 
smooth conic component of qi n (72 which lies in the respective (double)-plane. 

Thus, K{qi. (72) is birationally equivalent to a Pi-bundle over a double covering 
of B ramified over the four 'degenerate baskets'. The irreducibility of this double 
covering follows from a limit argument with the rank two point moving towards 
a rank one point and a case (i) situation. (The two rank one points on B then 
move towards the single rank one point in the limit, and the two rank three 
points will coalesce into the one rank three point in the limit). The double 
covering is therefore an elliptic curve. 

(iv) In this general case, the two quadrics meet along a degree four elliptic 
curve E — gi n (72- Also, by the genericity assumption, the curve of pairs 
E* = {{xi,X2) & qi X q2 '■ T^^iqi) = Tx2{q2)} is an elliptic curve which 
projects on each factor as a smooth quadratic section E* C qt- 

We'll elaborate on the role of duality in the next section, but we should remark 
at this point that E* is simply the intersection of the dual quadrics. 
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It is convenient now to consider a modification K{qi,q2) of our surface of com- 
mon tangents K{qi,q2) (which will turn out in fact to be a resolution of singu- 
larities), by taking into account the points of tangency: 

K{qi,q2) = {{xi,X2,t) G qi X q2X K{qi,q2) : Xi G t n qi, i = 1,2} 

The projection p : K{qi,q2) — > K{qi,q2) is clearly an isomorphism away from 

the points t G K{qi, (72) which arc lines in one ruling of one quadric, and tangent 
somewhere to the other quadric. Their number is easily counted as follows. 

Lines in one ruling of, say qi, define a conic in G(2, 4); those which are tangent 
to q2 correspond to the intersection of this conic with the quadric i'{q2), and 
are four in number; all in all, there are sixteen points t G K{qi,q2) which are 

replaced by Pi 's in K{qi, (72) • 

Now we can look at one of the projections pi : K{qi,q2) qi- Away from 
EU E*, there are two points in a fiber p~^{x), namely, the two tangents from 
X to the smooth conic Tx{qi) fl qj. Over points m. EU E^ — Er\ E* there will 
be a single point. 

Let us consider finally one of the eight points Er\E*, say j/j. Then the tangent 
plane Ty^{qi) must be tangent to qj at some different point Zj G qj, with [yi, Zj] 
the common tangent. But with two points already in qj, the whole line [jji, Zj] 
must be in q^. Thus the fiber p^^{yi) is a Pi, and coincides with one of the 
fibers of p. 

This means that K{qi,q2) (via the Stein factorization of p,) is a resolution of the 
eight nodes of the double covering of qi ramified over EU E*. Thus, K{qi,q2) 

is a smooth K3 surface. 

Using Nikulin's theorem in [Nik], we may conclude that the surface of common 
tangents K{qi,q2), obtained by contracting sixteen disjoint rational curves on 
K{qi, (72) to nodes, will be a Kummer surface. In fact, we need not rely on this 
result of Nikulin, because we may verify explicitly that the sum of the sixteen 
exceptional divisors is divisible by two in Pic{K{qi,q2)) = H'^{K{qi,q2), Z). 

Indeed, this follows from a calculation in the Picard lattice of our K3 surface. 

Let us denote by the pull-back by pi of the hypcrplane class of P3, by ej^,; k = 
1,...,8, the classes of the curves contracted by pi, and by 7 the class of the 
elliptic curve given by all tangents to E = qif\q2. 

We've seen above that together, the curves contracted by pi and p2 amount 
exactly to the sixteen curves contracted by p. Besides, we have: 

8 

fc=i 
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hence: 



2 8 

^^4 = 2(Ti+r2-27) 

i=l fc=l 

completing the argument. □ 

Remark: The divisibihty by two condition verified above comes from the repre- 
sentation of Kummer surfaces as quotients of Abelian surfaces by the involution 
z 1-^ —z. The sixteen nodes then correspond with the sixteen order two points 
on the AbeUan surface. Proceeding in the other direction, the Abelian surface 
is obtained from K{qi,q2) by considering the double covering of K{qi,q2) ram- 
ified over the sixteen exceptional curves. On the covering, these rational curves 
become (— l)-curves and can be contracted to smooth points. The resulting 
surface is Abelian. 

One can establish further relations in the algebraic lattice of the K3 surface 
K{qi,q2) obtained in the general case. 

Let us denote by a the pull-back by p of the hypcrplanc class of G(2,4). The 
degree ct7 = 8 can be found by an application of the Riemann-Hurwitz formula, 
and then we have: 

= 8, 7' = 0, (e'fe)' = -2, ae', = 0, 74 = 1 

This leads to: 

2a = 27 + ^E4 

i=l fe=l 

CT = Ti -I- r2 - 7 

The elliptic curve 7 is part of an elliptic fibration of our surface, where we find 
as another fiber the elliptic curve 7*, the proper transform of by pi, (and 
one and the same for i = 1, 2). □ 

Proposition 6.5 Let qi, i — 1,2,3 be three distinct quadrics in a generic pencil 
i C Pg = P{Symc{^))- Then their curve of common tangents: 

C{qu qi, qs) = G{2, 4) n u{qi) D v{q2) n v{q3) 

is given by the elliptic curve 7, made of tangents to the common intersection 
E = qir\qj, {i,j} C {1, 2, 3}, and counted with multiplicity two. 
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Proof: The image of our pencil by is a conic !/{£) C P{Symc{6)) and any 
three distinct points on it span its plane. 

Thus, regarding g'l and q2, we may consider ourselves in the generic case {iv) of 
the preceding Theorem, and move as we please along the rest of the pencil. 
Clearly 7, the curve of tangents to the elliptic curve E — qir\q2 is always part 
of the intersection K{qi, ^2) H 1^(93). But any other common tangent to qi and 
92 can be avoided as a tangent by some choice of q^ e [51, 92] = ^• 

Thus, at the reduced level C{qi, q2, q3)red = 7- But C{qi, q2, qs) has degree 2^ = 
16, and therefore 7, with deg(j) = aj = 8, has to be taken with multiplicity 
two. □ 

Corollary 6.6 Any four distinct quadrics in a pencil i C Pg — TZ^ have a 
continuum of common tangents. In the generic case, the reduced locus is the 
elliptic curve 7. 

Before we close this section, we may have a second look at the double-four ex- 
ample in section 5. For cither tetrad (<Zi)i, or (6;),;. wc have a degree sixteen 
curve of common tangents, made of eight conic components, two for each com- 
mon basket. We can see an alternative reason for this abundant splitting in the 
fact that each pencil [qi, qj], respectively [bi, bj], meets the rank two locus in two 
points. 

7 Duality 

In this section we make explicit the role of duality. For the general notion we 
refer to [GKZ], but here we need it only in the case of quadrics. 

As in the previous section, we begin in arbitrary dimension Pn-i = P{Vn), 
where 14 is a complex vector space of dimension n. 

The dual projective space P^-i is the space of all hyperplanes in that is: 

P*_i = P(V*) = G{n - 1, Vn), where V* is the dual vector space of Vn, and the 
Grassmannian notation serves a context where no specific basis has been given. 
We have a canonical isomorphism, also called 'orthogonality' isomorphism: 

G{k, K) = G{n - k, V:), taking Vk C K to V^^ = V*_^ C V: 

where Vj^ = V*_^. stands for the (n — fc)-subspace of V* consisting of all linear 
functional vanishing on 14 . 

In other words, any linear subspace Pk-i C Pn-i has its dual counterpart 
Pn-k-i C Pn-i'- all hyperplanes containing Pk-i- 
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In this 'base-free' context, we have self-dual linear operators: Q :Vn ^ V*, Q = 
Q*, rather than symmetric n x n matrices, and the correspondence with quadrics 
is given by: 

Qi-^q = {x€ P{Vn) : < x,Qx >= 0} 
where <, > is the duality pairing of Vn and V*. 

Definition: The dual of a smooth quadric q C Pn-i is the subvariety q* C P^-i 
consisting of all hyperplanes tangent to q. 

Lemma 7.1 q* is the quadric of P*_i = P{V*) corresponding to the self-dual 
operator : V* ^ Vn- 

Proof: The hyperplane tangent to q at x G q is x* = Qx, and it satisfies the 
equation < Q~^x*,x* >=< x, Qx >= 0. □ 

If wc denote by Sym{Vn) the self-dual operators from Vn to its dual V*, we 
obtain a duality transformation: 

P(„+i-)_i = P(5j/m(K)) • • A P{SymiV:)) 

as a rational map from the space of quadrics in P„_i = P{Vn) to the space of 
quadrics in P^-i = -PCKi)- Clearly {q*)* = q, so that duality is a birational 
equivalence, with inverse given by duality applied on the target space. 

The relevance of duality for our concerns comes from the following, nearly tau- 
tological fact: 

Proposition 7.2 Let q be a smooth quadric in Pn-i, with dual q* C Pn-i- 

A projective (fc — l)-subspace Pk-i C Pn-i is tangent to q if and only if its 
'orthogonal' P^_i = P^-k-i C Pn-i is tangent to q* . 

Proof; Pk-i is tangent to q if and only if there's an x G Pk-i H q with Pk-i C 
Tx{q) = Qx. The latter condition reads: y = Qx e Pk-i H g*. □ 

Corollary 7.3 Let {qi)i be a collection of smooth quadrics in P„_i = P{Vn). 
The subvariety of G{k, Vn) consisting of their common tangent {k — l)-planes is 
naturally identified, via the 'orthogonality' isomorphism, with the subvariety of 
G{n — k, V*) consisting of common tangent {n — k— l)-planes for the collection 
of dual quadrics 

It will be convenient to have a lifting of indeterminacies for the birational equiv- 
alence determined by duality on quadrics. At this point, we choose a basis in Vn, 
and use the standard bilinear form on C" for the identification: Vn = Vn = C", 
and its consequent identifications: P„_i = P{Vn) = PiV*) = P^_i, and 
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P{Sym{Vn)) = P{Sym{V*)) = P{Symc{n)) = Pn, where N = {"+^) - 1. 
Thus, the duality transformation becomes a birational involution D : Pn ■ ■ — > 
Pn, with D{Q) = on smooth quadrics. 

Proposition 7.4 Let In C P{Symc{n)) x P{Symc{n)) = (fjv)^ be the pro- 
jective subvariety defined by: 

In = {{A,B) : AB = ^Tr{AB) ■ Ir^} 
where In denotes the identity n x n matrix. 

Then, the two projections tTj : In — > Pn o,re birational morphisms, and the du- 
ality transformation D lifts to the involution of In given by D{A,B) = {B,A). 

Proof: Clearly, for {A, B) G In with Tr{AB) ^ 0, we must have B = A'^ , and 
the closure of the graph of D lies in In- 

When Tr{AB) = 0, we must have AB = BA = 0, or equivalently: Im{B) c 

Ker{A), or Im,{A) C Ker{B). Thus, the fiber 'n:^^{A) can be identified with 
quadrics in P{C^^ / Im{A)), and similarly for the other projection. 

It follows that, In can be presented as a union of a dense open set Un = 
{{Q,Q~^) ■ Q of rank n}, and closed subvarieties 7?.*'^, i +j < n: 

In = Unu y 7^*•^■ 

i+j<n 

where: 

n''^ = {{A,B) e In ■■ Im{A) c Ker{B), rk{A) < i, rk{B) < j} 
The lifting of indeterminacies on In is now plain, with the additional relation: 

Remark: One can verify that the singularity locus of In is: SingilN) = 
Ui+j<7i-3 particular, for n = 4, Xg is smooth. 

We now fixn = A, and return to the specifics of duality for quadric surfaces. 

Another expression of Proposition 7.2 for tangents to quadrics in P3 is: 

Proposition 7.5 Let Q G P{Symc{A)) be a rank four quadric in P3. Then: 

v{Q-^) = det{Q) ■ Gv{Q)G 

where, as in section 6, G is the 6x6 matrix corresponding to the Grassmann- 
Plucker quadric G{2, 4) c P5 in the standard basis. 
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Proof: With A^(C^) = C, we have: 

< xi A X2, G{yi A y^) >= xi Ax2AyiA y^ 

X1AX2A Q~^yi A Q~^y2 = det{Q)yi A y2 A Qxi A Qx2 

and the statement is the rendering of the last equation in the standard basis 

Bij = ei Acj, i < j. □ 

Remark: Conjugation with G is not part of the PSLc{^) action on quadrics 
in P5, just as the orthogonahty isomorphism _L: G(2, 4) — > G(2, 4) is not part of 
the action of that group on G{2, 4). 

It may be observed that duaHty transforms a generic pencil in Pg into a rational 
normal cubic which meets the rank one locus in four points. Such relations 
reflect relations in the cohomology of Xg. 

Proposition 7.6 Let denote the pull-hack of the hyperplane class by the 
modification morphism tt, : Xg ^ Pg . Then: 

4H2 = n^'^ + + 37e^'^ 

with the consequence: 

Hi + H2 = n^'^ + 7^^'^ + 7^^'^ 

In particular, pencils which contain smooth quadrics and meet the rank one 
locus will dualize to likewise pencils, an expression of the duality invariance of 
the 'basket property' relating two smooth quadrics. □ 

8 Common tangents to four spheres in 

In this section we interpret our results on common baskets for the particular 
case of the family pj'*^ c Pg = P(5'ymc(4)) which contains all quadrics whose 
real points are spheres in R^. Then, considering only real tangents to spheres, 
we determine all degenerate configurations of four spheres in B? , that is: con- 
figurations with infinitely m.any common tangents. 

The generic case of configurations with finitely many common tangents, has 
been studied in [MPT] and [ST]. The effective upper bound 12 is in fact the 
complex count, which we review in the sequel. 
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The affine equation of a sphere in is: 

i=l 

with c = {xi, X2,x^) e the center, and r = \r\ > the radius. 
This gives in P3 the quadric: 

/ ao ai \ 

„ _ ao 02 

ao as 

\ ai a2 as ai J 

with c = -^(ai, a2, as) and = -^{af + al + al - aoai), gq ^ 0. 

We are thus led to the complex projective suhspace: Pj*^ C Pg = P{Symc{^)) 
consisting of all quadrics of the above form Q, with a = (ao : ...04) € P4. For 
ao 0, we shall continue to designate the expressions given for c and as the 
"center and squared radius" of Q. 

Using (a;i : X2 : a^s : X4) as homogeneous coordinates in Ps, the family pj*^ 
can also be described as the family of all quadrics in Ps passing through the 
"imaginary conic at infinity" : 

Xi = Q, < x,x >= xl + xl+ x'^ = 

Lemma 8.1 The subgroup of transformations in PGLii{A) preserving the fam- 
ily P4'''* and its real structure consists of all similarities of — {x — {xi : X2 '■ 
a;s : 1) G P3} with respect to the above inner product < , >, that is: compositions 
of isometrics and rescalings. Its complexification consists of all transformations 
in PGLc{4:) which take the "imaginary conic at infinity" to itself. □ 

Lemma 8.2 The formula: det{Q) = — ao(af + a\ + a\ — 0^04) shows that the 
locus P^^'' n TZ\ decomposes into a quadric and the double-hyperplane Gq = 0. 

In Pg, the three-space ao = is tangent to the rank one locus at the point given 
by a — (0 : : : : 1), which is the only rank one point in Pj*''. All rank two 

(s) 

points in P4 are on ao = 0. □ 

Proposition 8.3 Let qi, i = 1,2,3 be three distinct quadrics of rank at least 

three in P4 . Suppose there's a common basket for qi, i = 1,2,3. Then: 
(i) the span [q\,q2, 5s] contains the rank one point T = (0 : : : : 1); 

or, equivalcntly: 

(a) the centers Ci of qi, i = 1,2,3 are collinear. 

A generic triple satisfying these conditions has a common basket. 
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(s) 

Proof: Wc have to interpret Proposition 3.3 for . 

Considering that the rank two locus in Pj'*^ is ao = 0, our triple must satisfy 
the generic condition in (Cfg) for a tangent, or condition {Hf^). Both imply (i). 

The equivalence of (i) and (ii) is a simple computation, and the generic converse 
follows from section 3. □ 



Proposition 8.4 Let Qi, i = 1,2,3,4 be four distinct quadrics of rank at least 
three in Pj*''. Suppose there's a common basket for Qi, i = 1,2,3,4. 

Then, the four quadrics qi lie on a, conic tangent to the rank two locus oq = 
at the rank one point T = (0 : : : : 1) G Pi'\ and the four centers are 
collinear. 

A generic quadruple {qi) satisfying this property has a common basket. 

(s) 

Proof: We have to interpret Proposition 4.6 for P4 . 

We see that we must be in case (G20) ^'^^ ^ tangent, or (J15). This yields the 
condition, with the conic degenerating to a double line through T in case (J15). 
The fact that the four centers must be collinear is obvious from the previous 
result on triples. 

The generic converse is covered by constructions in section 4. □ 

Remark: For the generic case above, we have [gi, (74] = P2- Using the 
triangle T, gi, 92 as simplex of reference in this plane, and with: 

qs = OqT + aiqi + 0:2)72 and ^4 = PqT + Piqi + /3252 
the existence of the conic amounts to: 

ao{— + —) = M-r + it) 

We turn now to the problem of understanding the variety of common tangents 
to four spheres in B?. 

At the complex projective level, the corresponding four complex quadrics in P3 
have a common curve "at infinity" i.e. in .T4 = 0, namely the "imaginary conic": 
< x,x >= 0. Tangents to this conic are common tangents and define a conic 
in the Grassmannian G(2,4). Thus, what has to be identified is the remaining 
part of the variety of common (complex) tangents. 

At the real level, wc have to consider only the real points of this residual complex 
piece, because there's no real tangent at infinity. 

Thus, one is led to coordinates particularly adapted to lines in the afiine part 
C PsiR), respectively C P3. 
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A line ^ in E? is completely characterized by the pair {p,v) G x P{R^), 
where p is the orthogonal projection of the origin in on the given line, and v 
the projective point determined by a direction vector along the line. (One may 
represent P{R^) as the plane at infinity for R^, and then v is simply the point 
where the (completed) line meets infinity.) Clearly: 

3 

<p,v>= ^PkVk = 

fc=i 

Over C, the same description works generically. The resulting relation with 
G(2,4) is expressed in: 

Proposition 8.5 There's a natural birational equivalence: 

0(2,4)^ he P3XP2, e^ip,v) 
where I4 is the P2-bundle over P2 defined by: 

3 

h = {{p, v)g P3X P2 \ <p,v>= ^PkVk = 0} 

k=l 

Let r4 denote the closed graph of this birational map: 

^ {{e,p,v) e G{2,A) X P^ X P2 \pel,vel,<p,v>=0} 

(Here v € £ is to be understood via the identification of directions with points at 

infinity: P3 ^ U P2.) 

The projection Tj^ G(2,4) is a modification over lines at infinity (i.e. in X4 = 
0) and lines through the origin ofC^ C P3 with null direction (i.e. < v,v >= 0). 

The projection r4 I4 is a blow-up of the rational curve {{p,v) G I4 \ P4 = 
0, p = V as points at infinity } . 

Remark: The fibers of r4 G{2, 4) over tangents to the imaginary conic at 
infinity arc nnions of two rational cnrvcs with a conniion point, while elsewhere 
one-dimensinal fibers are rational curves. This eventually relates to the contri- 
bution of this conic in G(2, 4) in counting the isolated common tangents to four 
spheres by other techniques (cf. [Ful]). 

For our approach, the relevant fact in the above set-up is that the composition 
G{2, 4) ■ ■ ^ I4 ^ P2 is induced by a linear projection P5 • • ^ P2, and lifting to 
r4 resolves the indeterminacies of the map to I4, and hence to P2 as well. □ 

We consider now four real quadrics of rank at least three, and belonging to 
the family Pj*^ 'Centers' and 'squared radii' maintain a formal sense and. 
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after a translation, we may assume the centers are at 0,ci,C2,C3 G R^, with 
corresponding squared radii ,r\,r2-,r\. 

A way to set aside the component given by tangents 'at infinity', is to write the 
equations for common tangents in {p,v) coordinates, with p G C^. As in [ST], 
the equations are: 

<p,v>=0 

< p,p >= 



< Ci,p >= 2 < ^ > ^~ < '^i''" + <'"''"> (< > + <p,p> -r^)] 



Proposition 8.6 Suppose the four centers are affinely independent (i.e. the 

real span of Ci, i = 1,2,3 is R^). Then, counting multiplicity, there are twelve 
complex common tangents 'away from infinity ' for the four quadrics. 

Proof: With centers understood as column vectors, we put M = [ci C2 C3]*. It 
is a real invertible matrix and the last three equations take the form: 

Mp = [<p2{v)+ <V,V > $0] 

2 < v,v > 

where ^2{v) is the column vector with entries — < c,,u >^, and $0 is the 
column vector with entries < q, q > — r?. 

Thus V G P2 determines p, and must satisfy: 

< M~^($2(w)+ <v,v > ^o),v >= 



<M ^{^2{v)+ < v,v > ^o),M ^{^2{v)+ < v,v > ^0) >= ^r"^ < v,v 

We prove that there can be no one-dimensional component in the intersection 
of the above cubic and quartic curves by showing that the further intersection 
with the conic < v,v >= is empty. Indeed, the equations yield the system: 

<v,v>=0 
< M~'^^2{v),v >= 
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The first two equations say that M~^^2{v) is on the tangent at v to the smooth 
conic < v,v >= 0, and the last that M~^^2{v) is itself on the same conic. This 
means: 



But this gives: 

(< ci,v >^:< C2,v >^:< C3,v >^) = (< Ci,v >:< C2,v >:< C3,v >) 

which has only real solutions, namely: (1 : 1 : 1) or (1 : 1 : 0) or (1 : : 0), up 
to permutation. In all cases, with M real, the resulting v is real and we cannot 

have < v,v >= 0. 

The cubic and quartic curves have therefore zero-dimensional intersection, that 
is, counting multiplicity, they meet in twelve points. The twelve solutions de- 
termine twelve common tangents 'away from infinity'. □ 

Corollary 8.7 Four spheres in with affinely independent centers have at 
most twelve common real tangents. 

Remark: Configurations of four spheres with twelve distinct real common tan- 
gents are constructed in [MPT]. See also [ST]. 

The next case to consider is when the four centers are coplanar but no three of 
them are collinear. It requires more detailed computations for ruling out the 
possibility of infinitely many common tangents in the real case. 

Proposition 8.8 Four quadrics of rank at least three from P^^\r), with copla- 
nar centers but no three of them collinear, have only isolated common tangents 
'away from infinity'. Their number is at most twelve. 

Proof: By Lemma 8.1, we may assume that the centers span = 0. Thus: 



We let Mi2 stand for the 2x2 upper left corner. 

Eliminating p from the equations yields in this case a sextic and a conic in 
v G P2, and our aim is to show that their intersection has to be zero-dimensional. 
The conic E2 is obtained by using a non-zero vector k in the kernel of M*: 



M ^^2{v) = fiv that is: $2(w) = jJ-Mv 
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3 



kid = 0, k^O 



i=l 

= 2 < >< Mp,k >=< ^2{v),k > + < v,v >< ^o,k > 

The sextic is obtained by writing p = pi2 +^363, with pi2 -L 63. Then, with 
similar notations for v = {vujVs), $2(1^) etc. : 

<Pl2,Vi2> . ^ ^ n 

P3 = trom <p,v >= 

1^3 

P12 = TT—^ -M{^^[$2(w)l2+ <V,V> $0,12] 

With *2(t^) = *2('i^i2) = M^2^2{v)i2, *o = M{^^$o,i2, and \\x\\^ =< x,x >€ 
C this gives the sextic Eq: 



vl\\^2{v)+ < V,V > *o||^+ < *2(w)+ <V,V> ^0,Vi2 >^ -4<v,v >^ Vgr^ = 

Considering that our centers Cj, i = 1, 2, 3 are in the plane of the first two coor- 
dinates, we shall envisage them as two-dimensional vectors when this simplifies 
formulae. Thus, from: 

we obtain an equivalent expression for the conic E2: 

< *2(v), C3 > -I- < C3, V12 - <v,v>< $0, k>=0 

Prom here on, our proof relies on various computational consequences of the 
above equations for the sextic Ee and conic E2, which we present in a sequence 
of lemmas. 

Lemma 8.9 Eq,E2 and < v,v >= have no common solution v G P2, unless 
V12 = = (ci2 : — Cii) as points in Pi, for some i € {1,2,3}, and < cf,Cj — 
Cfc >= 0. (The last condition means that the four centers are the vertices of a 
trapeze.) 

Proof: With <v,v >= 0, Ee and E2 become equations in V12 € Pi: 

||i;i2|ni*2(i;i2)||'- < *2(fl2),fl2 >'= {E^'') 
<*2K2),C3>-F<C3,t;i2>^=0 {El'^) 
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The first equation requires: 



^2(^12) = Awi2 i.e. 



$2(w)i2 = AM12W12 



which gives with 



< Ci,v >^= —X < Ci,v > for i = 1,2,3 



Any two centers being independent, V12 must be orthogonal to some Cj and then 
<cl,Cj-Ck>=0. □ 

Lemma 8.10 For E2 and Ea to have a common one- dimensional component, 
it is necessary that £^2^ and Eq^ have two common solutions. 

Proof: Suppose there's a single solution V12 = ■ By relabelling, if necessary, 
we may assume i = 3. Then the common component of E(, and E2 must be the 
line in P2 through {c^ : ±i < 03,03 >^^^), or, for < 03,03 >= 0, the tangent 
< 03,w >= to < v,v >= 0. In either case it's the line through (03- : 0) and 



coefficients depending on V12, all these coefficients must vanish identically for 
V12 = 0;^. In other words, wo put < v.v >=< Ui2,ui2 > +^^3 in Eq and obtain 
a cubic in V3. The vanishing of its four coefficients for V12 = 03 yields: 





2 < *2(03 ), *o > + < *o, 03 >'= 



||*2(C3^)|P + 2||03|P<*2(C3^),*0 >= 



<^2{ci:),oi >+\\03\f <^0,ci >=0 



Prom the previous lemma we know that: 



^"2(03 ) = /iCg with fj, : 
and the last three equations become: 



< Oi, 0^ >= — < C2, Cg 



> 



< *o,4 > (< *o,4 



> +2/i) = 



\\o3\\\ii + 2<^o,oi >) = 




> +m) = 
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With real quadrics, we have ||c3|p ^ 0, and the last two equations already 
provide a contradiction, since /J.^ 0. □ 

Again, by relabelling the centers, we may assume that the two common solutions 
of E'l^ and E^"^ are vi2 = and V12 = c^. Thus, Ci + C2 = C3 i.e. the centers 
form a parallelogram. 

This suggests using a translation which brings the origin at the center of the 
parallelogram. We assume therefore that the four centers are now at a = 
(ai, 02, 0)*, b = (61, 62, 0)*, —a, and —b, with squared radii r?, i = 1, ...,4. 

The original system becomes: 

<p,v>=0 



< a,p >= [— < a,v + < v,v > (< a,a > + < p,p > — r?)l 



< a,p >= [— < a,v + < v,v > (< a,a > + < p,p > — r?)! 

2 <v,v > 



< b,p >= [- < b,v + < v,v > (< b,b > + < p,p > -ro)] 

2<v,v> ' V ' i-'-t- ^/J 



- <b,p>= [- < b,v + < v,v > (< b,b > + < p,p > -rh] 

2<v,v> 

Subtraction in the last two pairs of equations gives: 

2<a,p>=rl-rj 

2 < b,p>=rl-rl 

This shows that the first two coordinates pi2 of p are determined by centers 

and squared radii alone, and remain constant. But this means that all common 
tangents to our four real quadrics meet the perpendicular drawn from pi2 to the 
plane of the centers. 

Remark: A theorem in [MS] already addresses a situation of this nature, and 

shows that the common tangents to three spheres which meet at the same time 
a fixed line cannot be infinitely many unless the three spheres have collinear 
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centers (and the fixed line adequate position). However, it is not necessary to 
rely on this result in order to prove our proposition, as we show next. 

Completing to an equivalent system, we have: 

< Pl2 - '■L2 > 
P = Pl2 63 

< a,v>'^=< v,v > [< a,a> + <p,p> -^(rl+rl)] 

< b,v>'^=< v,v > [<b,b> + <p,p> ~{rl+rl)] 

With: a =< a,a> — ^(rl + rf) and /? =< b,b> —^{rl + r|), we obtain: 

< a,v _ a+ < p,p > 
<6,z;>2 P+<p,p> 

For V £ P2 the system amounts now to intersecting a conic and a quartic: 

< a + b,v X a- b,v >=< v,v > [< a + b,a - b > +^{ri +rl-rl- rl)] 
< a,Vx2 >^ (a+ <Pi2,Pl2 >)vl+ < Pi2,-yi2 >^ 



< b,Vi2 >^ {(3+ <Pl2,Pl2 >)V3+ <P12,1'12 >^ 

With: A = a+ < pi2,Pi2 >, B = (3+ < p\2,Pi2 > and C = A-B = a-(3, 
the equations say: 



2 1 

= — < a + b,v >< a — b,v > — < V12, V12 > 



2 < Pi2,vi2 >^< a + b,vi2 X a - b,vi2 > 
^ A <b, vi2 >2 -B < a, V12 >^ 

Thus, for the conic and quartic to have a common one-dimensional component 
it is necessary that: 



< a + b,vi2 >< a — b,v-i2 > [C < P12, 1^12 >^ +B < a, V12 >^ —A < b, v-i2 >^ 

= -C < V12, V12 >[A<b, vi2 >^ -B < a, vi2 
identically in V12 € Pi. 

Now, evaluating at V12 = (a + b)-^ and (a — 6)-"-, we find: A = B = C = 
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Returning these conditions into the system gives: 

< a + b,vi2 >< a — b, V12 >= 

< a,vi2 >^=< b,vi2 >^= (< ^'l2,^'l2 > +1^3)^3 

The first equation requires: V12 = {a + b)^ or {a — b)-^, and then the second 
determines V3, since we cannot have Ps = with a and b hnealy independent. 
Thus, there's no one- dimensional family of solutions. □ 

Corollary 8.11 Four spheres with coplanar centers but no three of them collinear 
have at most twelve common real tangents. 

Finally, when three of the centers are collinear, we have rotational symmetry 
around this axis for the common tangents to the corresponding three quadrics. 
Thus, either (i) the three quadrics have a common conic in the affine part C^, 
or (ii) the three quadrics have a common basket (and only one by Proposition 
8.3 and Lemma 3.2). 

Accordingly, the fourth quadric cannot have a curve of common tangents with 
the other three in the affine part unless it passes through the same common 
conic, in case (i), or has the same common basket in case (ii). 

Both cases require the four centers to be collinear, and, restricting to the case 
of spheres and real tangents, we obtain the result described in the introduction: 

Theorem 8.12 Four distinct spheres in have infinitely many common real 
tangents if and only if they have collinear centers and at least one common real 
tangent. 

This means that either all four spheres intersect in a circle, possibly degenerating 
to a common tangency point, or each sphere has a curve of tangency with one 
and the same real quadric of revolution with symmetry axis determined by the 
line passing through all centers. This quadric can be a cone, a cylinder, or a 
one-sheeted hyperboloid. 

Remark: Our argument has made effective use of reality assiunptions. It will 
be observed that the complex case allows more possibilities for dcgeucrate con- 
figurations. 

References 

[BPVdV] Barth, W., Peters, C, and Van de Venn, A.: Compact Complex 
Surfaces, Springer- Ver lag (1984). 



49 



[Borl] Borcea, C.S.: Point configurations and Cayley-Menger varieties, 
arXiv:niath.AG/0207110. 

[Bor2] Borcea, C.S.: Tangents to quadrics and nested Calabi-Yau varieties, 
in preparation. 

[Dol] Dolgachcv, I.: Abstract configurations in Algebraic Geometry, 

arXiv:math. AG/0304258. 

[Ful] Fulton, W.: Intersection Theory, Springer- Vcrlag (1984). 

[GKZ] Gelfand, I.M., Kapranov, M.M. and Zelevinsky, A.V.: Discrim- 
inants, resultants and multidimensional determinants, Birkhauser 
(1994). 

[GH] Griffiths, Ph. and Harris, J.: Principles of Algebraic Geometry, Wi- 

ley Classics Library (1994). 

[Har] Harris, J.: Algebraic Geometry, Graduate Texts in Math. 133, 

Springer- Verlag (1993). 

[HC-V] Hilbert, D. and Cohn-Vossen, S.: Geometry and the Imagination, 
Chelsea Publishing Comp., New York (1952). 

[Hud] Hudson, R.W.H.T.: Rummer's quartic surface, Cambridge Univer- 
sity Press (1905), reissued in Cambridge Mathematical Library se- 
ries (1990). 

[Jes] Jessop, CM.: A Treatise on the Line Complex, Cambridge Univer- 

sity Press (1903) 

[MPT] Macdonald, I.G., Pach, J. and Theobald, T.: Common tangents to 
four unit balls in R^, Discrete and Comput. Geom. 26 (2001), 1-17. 

[MS] Megyesi, G. and Sottile, F.: The envelope of lines meeting a fixed 

line and tangent to two spheres, arXiv:math. AG/0304346. 

[Nik] Nikulin, V.V.: Rummer surfaces. Math. USSR Izv.9 (1975), no.2, 

261-275 (1996). 

[ST] Sottile, P. and Theobald, T.: Lines tangent to 2n — 2 spheres in 

RT-, Trans. Amer. Math. Soc. 354 (2002), no.l2, 4815-4829. 

Ciprian Borcea borcea@rider.edu 

Rider University, Lawrenceville, NJ 08648, USA. 

Xavier Goaoc goaoc@loria.fr 

Sylvain Lazard lazard@loria.fr 

Sylvain Petitjean petitjea@loria.fr 

LORIA-INRIA Lorraine, CNRS, Univ. Nancy 2, Prance. 



50 



